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Abstract

With the rapid increase in computing power Quantum Chemists are looking towards
larger and larger molecules. This thesis presents new ways to reduce the expensive scaling
of computational cost with system size, thus allowing the advances in computer science to
be utilized. The first chapter is an introduction to Hartree-Fock theory and the traditional
methods of calculating electron correlation. This is followed by an introduction to Density
Functional Theory, concentrating on Kohn-Sham density functional theory.

Chapter 3 presents a new way of assessing the accuracy of a density functional by parti-
tioning the density and examining the energy of the component pieces. Chapter 4 describes a
new density functional (EDF1), designed especially for small basis sets, thus making it ideal
for large systems. The functional is formed from several other common functionals, grouped
together in a way to minimize the error of the chemical energetics of a selection of molecules.

Chapter 5 gives an introduction to modern two-electron integral theory and then describes
a new method for efficiently calculating integrals arising from charges that are well separated.
The new algorithm does not scale with the contraction of the basis set.

The efficient algorithm of Chapter 5 is O(N?) overall, and therefore still too slow. To truly
examine large molecules O(N) methods are required. Chapter 6 provides an introduction
to these linear methods and also presents a new method, the CASE approximation, which
neglects long-range interactions. How to implement this new method (in O(N) work) is
described in Chapter 7. The method is extended to density functional theory in Chapter
8 by attenuating the Dirac functional. Chapter 9 presents a second way to reduce the
magnitude (and speed) of the approximation, and also a correction for the main failure of
the original approximation. Chapter 10 examines the accuracy of the approximation on a
variety of chemical properties. The final chapter describes a way to improve the accuracy of
CASE by correcting for the neglected terms in only O(N) work. This correction however is

not without its own problems and work continues in this area.
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Chapter 1

Introduction

“I think it is true to say that nobody understands quantum mechanics” - Richard

Feynman

1.1 The Schrodinger Equation

It can be argued that the field of quantum chemistry began in 1925, with de Broglie’s
postulate that electrons possess both wave-like and particle-like characteristics [1]. Later in
1925, Davisson and Germer [2] confirmed de Broglie’s conjecture experimentally by producing
a diffraction pattern of electrons consistent with the de Broglie relation. Schrodinger then
expanded on de Broglie’s work, forming the non-relativistic Schrodinger wave equation [3],
a mathematical model powerful enough to describe all non-relativistic chemical phenomena.
This idea was not fully understood, however, until Heisenberg introduced the Uncertainty
Principle (that it is impossible to specify both the linear momentum and position of a particle
to arbitrary precision) [4].

The time-dependent Schrodinger equation is

S 0U
HY = ih—, (1.1)

where H is the Hamiltonian operator, representing all energy contributions of the system.

The wavefunction, ¥, is a function of the nuclear and electron positions, electron spins and

time. It is easiest viewed using the Born interpretation [5]:

The probability that a system, described by ¥, will be found in a given state is
proportional to W*W,
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This interpretation generates a constraint that the wavefunction must be square integrable,

that is

/|\I/|2 dr < oo. (1.2)

If we consider a system of M nuclei (each of charge Z4) and N electrons in the absence

of any external field, the Hamiltonian, in atomic units, is given by
H=T+V, (1.3)
where
1 < 1
T:—izwl—gzw, (1.4)
A

representing the kinetic energy of the nuclei and electrons respectively, and

M N
~ ZA ZAZB
Ve m >3 Ra-Ral sz

A B>A 1 J>1

(1.5)
—r;|’

describing the potentials due to nuclear-electron attraction, nuclear-nuclear repulsion and
electron-electron repulsion.
The Hamiltonian above is independent of time, which allows a separation of variables.

The wavefunction can then be of the form

U(t) = Ve n (1.6)
where U does not depend on time, and the Schrodinger equation reduces to
HU = E, (1.7)

also independent of time. This is an important result: if the potential is independent of time
and the system is in a state of energy E, all that is required to construct the time-dependent

—iEt/h

wavefunction from the time-independent wavefunction is multiplication by e , which is

simply a modulation of its phase.

1.2 The Born-Oppenheimer Approximation

Perhaps the great disappointment of quantum chemistry is that, whilst the Schrodinger
equation is powerful enough to describe almost all chemistry, it is too complex to solve for

all but the simplest of systems. Even the simplest molecule, H; , consists of three particles,
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thus producing a Schrodinger equation that is impossible to solve analytically. To overcome
this difficulty a variety of approximations are made, the most common of which is the Born-
Oppenheimer approximation [6].

The masses of the nuclei are much greater than the electrons, hence the electrons can
respond almost instantaneously to any change in the nuclear positions. Thus, to a good
approximation, we can think of the electrons as moving in a field of fixed nuclei. Within
this approximation, the nuclear kinetic energy term can be neglected and the nuclear-nuclear
repulsion term can be considered a constant. These two terms can therefore be removed! to
form the electronic Hamiltonian, ﬁelec-

What remains is termed the electronic Schrodinger equation,

Helec \Ilelec(ri; RA) = Eelec(RA) \Ilelec(ri; RA) (18)

The notation We.(r;; R4) implies that the electronic wavefunction depends on the nuclear
positions only parametrically — a different wavefunction is defined for each nuclear configu-
ration.

Eeiec(R4) is only the electronic energy; to regain the total energy (for fixed nuclei) we

must add the nuclear-nuclear repulsion constant.

ZAZ
Etot elec + E E |R — IB;, | (19)
A B>A A B

Repeating the calculation with a different nuclear arrangement allows the potential energy
surface to be mapped out and the equilibrium geometry to be found. The work of this
thesis is entirely within the Born-Oppenheimer approximation, so for clarity, the ‘tot’ and
‘elec’ subscripts will be dropped and only electronic Hamiltonians and wavefunctions will be

considered.

1.3 The Hartree Approximation

Although the Born-Oppenheimer approximation considerably reduces the complexity of
the Schrodinger equation, the resulting electronic Schrodinger equation is still extremely
complex, due to the electron-electron interactions. It is possible to use wavefunctions which
explicitly include inter-electronic distance [7-9], but this approach is computationally infea-

sible for all but the smallest systems.

LA constant added to an operator does not affect the wavefunction, it only adds to the operator eigenvalue.
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A more satisfying solution is to introduce the molecular orbital approximation, the sim-
plest of which is the independent-particle, or Hartree, approximation [10-12] wherein the
total wavefunction is approximated by a product of orthonormal molecular orbitals (MOs).
This idea closely follows the chemists’ view of electrons occupying orbitals. The Hartree
approximation assumes that each electron moves independently within its own orbital and
sees only the average field generated by all the other electrons. The Hartree wavefunction

(for an N electron system) is

U = x1(x1)xa(x2) - - xnv-1(xN-1)XN (XN), (1.10)

where each x; is a spin orbital containing one electron. The y; are orthonormal, consisting
of a spatial orbital, 1;(r), and one of two spin functions, a(s) and (3(s), representing spin up
and spin down states. x is the space-spin coordinate, containing both the position, r, and

spin, s, of a particle.

1.4 The Variational Method

By rearranging equation (1.7) it is possible to obtain an expression for the energy, E,pp,
associated with an approximate wavefunction, W,,.

. quprﬁqlapp dr . <‘I’app|ﬁ|‘1’app>

E,, = —
o f ‘I’pr‘l’app dr <‘I’app|‘papp>

(1.11)

This approximate wavefunction can also be written as a linear combination of the exact

eigenstates of H:
oy = Z ¢, (1.12)
i
Now, consider the integral
/\IIZPP(H — Eo)Wapp dr = Z Zc}‘cz-f /‘I’f(ﬁ — Ey) Uy dr
i
=3 cies(By —Eo)/‘l’f% dr (1.13)
i
:ZCICZ’(EZ' — E()) 2 0
i
as |¢;|> > 0 and E; > Ej. Therefore,

/\I/pr(f[ — Ep) Wy dr > 0, (1.14)
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from which follows the Variational Principle, that E,,, > FEy. This also gives insight into

how to find the best approximate wavefunction, as
Eupp = By = Yopp = Yo (1.15)

Hence, minimization of F,,, with respect to all allowed ¥, will give the exact ground state
energy and wavefunction. Unfortunately, this is not practical and what is usually done is to

expand the molecular orbitals as linear combinations of basis functions,

i = ch“:qbﬂ’ (].]_6)

1
reducing the problem to finding the optimum set of coefficients, c,;, which minimize E,),,
something which can be achieved via matrix diagonalisation (see section 1.5). Obviously,
the set of functions ¢, cannot be complete and so an approximation has been made. The
number and type of functions chosen has a large effect on the overall accuracy (and speed)
of a calculation. Some of the more common functions used will be given in the section on

Basis Sets (section 1.7).

1.5 Hartree-Fock Theory

In 1930 Fock [13] pointed out that the Hartree wavefunction was invalid as it did not
satisfy the Pauli Exclusion Principle — that the wavefunction must be antisymmetric with
respect to electron interchange [14]. Fock also showed that a Hartree product could be
made antisymmetric by appropriately adding and subtracting all possible permutations of
the Hartree product, thereby forming the Hartree-Fock (HF) wavefunction. Later, Slater
showed that the resulting wavefunction is simply the determinant of a matrix, called a Slater

determinant [15, 16]

xi(x1)  xa(x1) oo xw(x1)

1| xi(x2)  xe(x2) -+ xn(x2)
v=—s| : P (1.17)

xi1(xn) xo(xn) -0 xn(xn)

The prefactor normalizes the HF wavefunction (remembering that the y; are orthonormal).
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1.5.1 Matrix Elements and Notation

Before presenting the HF equations it is useful to define some matrix elements common

to quantum chemistry. The overlap matrix, S, represents the overlap of basis functions

S,uu :/¢M(r)¢u(r) dI', (118)

A familiar concept to chemists is the electron density, p(r), which can be obtained by

integrating the square of the wavefunction over all N electrons but one, and all spin variables.
p(r) = N/\I/2 ds; dxpdxs ... dxn (1.19)

which is simply the square of the sum over all the occupied orbitals:
occ
= i) (r)
i

occ

Yy (Z cw-cm) Bul6)h (1)
nwov [

The bracketed term is frequently required in solving the HF equations, and hence is usually

(1.20)

precomputed and stored as the density matrix, P

occ

Puu = Z Cuicui- (121)
i

The one-electron operators are also used to form their own matrices, T and V.

T = [ 9 (—%v2> b (x) dx (1.22)

ﬂV:/¢H ( Z|RA—I'|> ( )dr' (1'23)

These two matrices are added together to form the core Hamiltonian matrix, H, where H,,
represents the energy of an isolated electron in the distribution ¢, ¢,.

The repulsion between an electron in the MO distribution v;1; and the MO distribution
Yr; has a shorthand notation:

Gilkl) = // AUV . (1.24)

12

where

12 = |I'1 — I'g]. (125)
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This shorthand also exists for repulsions between basis function distributions:

(uv|Ao) = / B (r1)du (r1)g3(r2) o (2)

12

1dr2. (1.26)
The relationship between the two is, of course

(ij|kl) =Y CpuiCuiCarCo(uv|Ao). (1.27)
n2.X,

1.5.2 Initial Guess

HF Theory assumes that an electron moves in a potential which is the average of the
potentials due to all the other electrons and nuclei, so a trial wavefunction is required for the
potential before the energy can be calculated. The optimal wavefunction is then found by
iteratively solving the Schrodinger equation. This initial guess must be close enough to the
optimum wavefunction for the equations to converge to the correct electronic state.

There are several ways to obtain a guess for the wavefunction, the simplest of which is to
guess the MO coefficients by diagonalising the core Hamiltonian matrix [17]. In 1952 Wolfs-
berg and Helmholtz presented a more sophisticated procedure which also uses the overlap

matrix [18]
Hyy = ceSu(Hyy + Hyy) /2 (1.28)

where ¢, is a constant. Obviously, with the guess playing such a crucial role in the efficiency
of HF theory, it is an area of much research; one of the latest (and more successful) methods

uses a superposition of atomic densities (SAD) [19].

1.5.3 Restricted Closed Shell Hartree-Fock

In the restricted formalism each spatial orbital contains two electrons, one spin up, the

other spin down. That is,

X2i—1(%) = i(r)a(s)
x2i(x) = i(r)B(s).

Using these orbitals the HF energy is, in terms of the spatial components of molecular orbitals

(1.29)

(remembering that the wavefunction is normalized and that the orbitals are orthonormal),

E =(U|H|D)

N2 N/2 (1.30)
=D 200ulhltpi) + D_[2(uthilyse) — (Putbslehiey)]

ij
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where h represents the one-electron operators and 2 > (ivhi]1jp;) is the Coulombic repulsion
between all electrons. Note that this term includes a spurious self-repulsion. The final term of
equation (1.30), — > (vs%;|itp;), has arisen from making the wavefunction antisymmetric.
It is termed the exchange energy and has no classical analogue. Most importantly, the
exchange term contains elements which exactly cancel the spurious self-interaction of the
Coulomb energy. Another important effect of the exchange term is that, while an electron
feels only the average field of all other electrons, it does feel an instantaneous effect of all
electrons of the same spin. That is, the probability of finding two electrons at the same point
at the same time is non-zero, but the probability of finding two electrons at the same point
(at the same time) of the same spin is zero.

To find the orbitals which minimize the energy we make the energy stationary with
respect to variations of the MO coefficients, C),;. If there are m basis functions and n
occupied orbitals, 1;, then solving the Schrodinger equation will produce (m —n) unoccupied
(or virtual) orbitals, 14, which obey (14 |t;) = 0 (with the standard notation of using 4, j to
denote occupied orbitals; a, b for virtual; and p, ¢ to denote any MOs).

At the minimum the energy is stationary with respect to the variation
i — i + Mg (i=1,... ,nya=n+1,...,m). (1.31)

This variation preserves orbital orthonormality through first order in A. Substituting equa-
tion (1.31) into equation (1.30), picking out the coefficient of A and setting it to zero yields
the stationary condition;
(alhlihi) + > [2(ailjj) — (ajlij)] =0 (1.32)
J
It is easier to use these equations when expressed in operator form. We define the Fock

operator such that

Fui =(va| F'l47)
—(halhlips) + 3 [2(ailjf) — (ajlif)] = 0

J

(1.33)

or, in operator form

~ ~ A~

F(ry) = h(r1) +2J(r1) — K(r1), (1.34)
where the Coulomb operator, J , 18

o 3 (r2)
J(ry) = ;/;Tdrz (1.35)
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and the exchange operator, K , 18

K(r)) = 2/7¢j(r22¢j(r1)P12 dr, (1.36)
7 12
where Py is the permutation operator, that is

]512¢p(r1) = ¢p(r2)- (1.37)

The Fock operator is therefore an effective one-electron Hamiltonian.
Orbitals that satisfy the condition F,; = 0 are obtained by solving the Roothaan-Hall
equations [20,21]

> " (GulF = eil)Cui = 0. (1.38)

v

The resulting orbitals will not only satisfy Fy; = 0, but also
Fz‘j = Ei(sz‘j. (139)

This, however, does not matter as the SCF energy is invariant to a mixing of the occupied

orbitals. When the Fock matrix is completely diagonal the orbitals are termed canonical.

1.5.4 Restricted Open Shell Hartree-Fock

The Roothaan-Hall equations are unsuitable for an open-shell system, and require some
modification. One approach is to allow some orbitals to contain only an electron of « spin
[22,23]. Under such a scheme the energy expression becomes

E =20 ki) + Y [20ihiltpieb) — (bingslapinty)]
i ij

1

+ D (Wslhlipa) + 5 D [(atpaltprrpn) — (patpelipatpr)] (1.40)
s st

+ D20 lihi) = (hithslit)]

where 7, 7 denote doubly occupied orbitals and s, ¢ denote singly occupied orbitals.

Proceeding as before, we consider the variations
Vi =i + Mg
Ps —=ths + Aiha
Vi =i + A
Vs =Ps — Aty

(1.41)
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Substituting these into equation (1.40) and minimizing the energy gives the self consistent

conditions
F,;=0
L. .o
F,, — EKM =0 (1.42)
L. .o
Fsi + EK‘% — 0
where

1
F=H+2J°-K"+J° - EKO (1.43)

with the superscripts C and O denoting summation over closed shell and open shell orbitals

respectively. From this we can define Fock matrices for the o and ( electrons

1

F*=F — §KO (1.44)
1

F°’=F+ §KO. (1.45)

Orbitals can then be found that satisfy the conditions (1.42) by diagonalisation of the block

matrix

(F-K° F’ L(F*+FP)

F5 F F (1.46)
$(F*+FF) F* (F-KO9)
where the three blocks refer to doubly occupied, singly occupied and virtual orbitals. The
diagonal blocks do not affect the stationary conditions, so can be defined in any desired way.
Roothaan’s original definition has been used above.

The ROHF scheme places an unphysical constraint on the wavefunction. « and § elec-
trons in an open shell molecule may feel different potentials, yet their spatial orbitals are
constrained to be the same. This has the effect of raising the variational energy. The ROHF

wavefunction must also be of high spin.

1.5.5 Unrestricted Hartree-Fock

A simpler way to expand RHF to open shell systems is to introduce separate spatial

orbitals for electrons of a and ( spin:

X2i-1(x) = i (r)e(s)

(1.47)
X2i(x) = 9] (r)B(s).
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This allows Hartree-Fock theory to give excess (3 electron density at points in the molecule,
something which has been seen in experiment and is only possible in RHF if the wavefunction
is expanded beyond a single determinant. By the variational principle the UHF energy will
be lower than (or equal to) the RHF energy.

These orbitals lead to two density matrices,

occ

Pa, =3 Gl
2

occ (1.48)
B _ B B
Puu - Z C;ujCVi
and two Fock operators,
Fa(rl) = ﬁ(rl) + ja(rl) + jﬁ(rl) — Ka(rl)
(1.49)

FO(ry) = h(r1) + J%(x1) + T (r1) — K% (ry)
which are combined to form the Pople-Nesbet [24] equations,
D (PulF* = ef|$,)Cpi = 0

v ) (1.50)
Y (ulF? =] 1p)Ch =0,

v

the solution of which gives the molecular orbitals.

1.5.6 Spin Properties of Hartree-Fock Wavefunctions

The spin operators S, and 52 both commute with the non-relativistic Hamiltonian, and
therefore eigenfunctions of the Hamiltonian can be found which are also eigenfunctions of
these spin operators. The permutation operator (equation (1.37)) commutes with S, so single
determinants are eigenfunctions of S,. Unfortunately this is not the case for the 52 operator.

It can be shown [17] that

. N® - NB\ (N - NP
($?) = ( 5 ) ( o+ 1) NI S0P, (1.51)
]

where N® and N? are the number of a and 3 electrons (N® > N”), and

sl = / Wpap] dr. (1.52)

For RHF (open and closed shell) the occupied § orbitals lie within the « orbital’s space;

therefore,

NP =" 1850, (1.53)

v
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Thus the determinants are eigenfunctions of S2, However, for unrestricted determinants, the

0 orbitals are not constrained to lie within the « space; therefore,
NP> NS, (1.54)
]

These determinants will not be eigenfunctions of 52 and are termed spin-contaminated —
they contain higher spin multiplicity components. This spin-contamination can allow the
UHF function to give the correct dissociation behaviour, as the « and 3 electrons are no
longer forced to occupy the same orbital. However, for methods which build on Hartree-

Fock, spin-contamination can have a disastrous effect [25-28].

1.5.7 The cost of HF Theory

The bottleneck for HF calculations is the generation of all the two-electron integrals in
the atomic basis, (uv|\a). The number of these grows as O(N*), where N is the total number
of basis functions in the system. However, this scaling can be drastically reduced by viewing

(uv|Ao) as the repulsion between two shell-pairs,

(nv| = ¢, (r1)pu(r1) (1.55)

and

[Ac) = ¢ (r2) o (r2). (1.56)

If either (uv| or |Ao) is so small that it is negligible, the integral (uv|Ao) will be negligible.

If the two shells of a shell-pair are very far apart (relative to their diffuseness) then their

overlap will produce a negligible shell-pair. The number of non-negligible shell-pairs grows

only linearly with the size of the system. So, forming only the significant shell-pairs will

generate a number of integrals which grows only quadratically with molecular size. Hence
the cost of HF theory is O(N?).

There is a separate O(N3) cost involved in diagonalising the Fock matrix, yet this scaling

does not become noticeable until the system is extremely large, and is not expected to be a

problem in the medium term [29]. Recent techniques have made HF theory scale only linearly

with molecular size for certain types of systems; these are dealt with in later chapters.

1.6 Multiple Determinant Wavefunctions

The main deficiency of HF theory is the inadequate treatment of the correlation between

motions of electrons. No account is made for the correlation between electrons of opposite



Introduction

spin. Electrons of the same spin are partially, but not completely, correlated. This leads
to a HF energy above the exact non-relativistic value. This difference is defined to be the

correlation energy [30]:
Ecorr = Eegact — EaF. (1-57)

Unfortunately, the energy change in a reactive chemical processes is often of the same mag-
nitude as the correlation energy, and the correlation energy can change markedly for many
chemical processes, especially those where the number of electron pairs change. Hence, HF
theory performs well for isodesmic reactions and for locating equilibrium structures (bond
lengths usually to within 0.01A and angles with 1°) [31]. Vibrational frequencies are usually
within 10%. For relative energies, however, more accurate calculations are often required.
The are a number of techniques that seek to improve on the HF wavefunction. The
method of choice depends very much on the characteristics of the problem. Some of the

desirable features of a method involving electron correlation are [32]:
1. it should be well defined, giving a continuous potential surface and a unique energy for
any nuclear configuration.

2. it should be “size consistent”: the energy of a sum of non-interacting fragments should

be exactly the sum of separate calculations on the fragments.
3. it should be exact when applied to a two-electron system.
4. it should be efficient, computational cost scaling slowly with system size.
5. it should be accurate enough to be an adequate approximation to the exact result.

6. it should be variational: that is, the energy is an upper bound to the exact result.

Unfortunately, no current method satisfies all of the above criteria!

1.6.1 Configuration Interaction

To correctly describe the instantaneous interaction of electrons, the inter-electron distance
must be introduced. The most conceptually simple way of achieving this is via Configuration
Interaction (CI) [33,34]. CI uses a wavefunction which is a linear combination of the HF
determinant and determinants from excitations of electrons,

U=Colp+ > Y CRug+ ) Y cppug+ > N ot 4 L (1.58)
7 a

i>7 a>b 1>j>ka>b>c
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where U{ represents the determinant with an electron excited from the occupied orbital, x;
to the virtual orbital, x,.

The CI expansion is variational and, if the expansion is complete (Full CI), gives the exact
correlation energy (within the basis set approximation). The number of determinants in Full
CI grows exponentially with the system size, making the method impractical for all but the
smallest systems. For this reason the CI expansion is usually truncated at some order, for
example CISD, where only singly and doubly excited determinants are considered. Brillouin’s
Theorem states that singly excited determinants do not mix with the HF determinant [35].
Therefore CISD is the cheapest worthwhile form of CI, yet this method scales as O(N®)
where N is the size of the system.

The other main problem with truncated CI is that it is not size consistent. For CISD, an

approximate way to correct for these effects is to introduce the Davidson correction [36]
Eorr = Eeorr (CISD) 4 (1 — 2) Ecorr (CISD) (1.59)

where ¢j is the coefficient of the Hartree-Fock wavefunction in the normalized CISD wave-

function.

1.6.2 Quadratic Configuration Interaction

A more acceptable way to make truncated CI size consistent was introduced by Pople et
al. in 1987 [32]. Termed Quadratic Configuration Interaction (QCISD), it is formed by the
addition of higher excitation terms, quadratic in the expansion coefficients, which force size-
consistency. The addition of extra terms has not destroyed the correctness for two electrons
(property 3 above). At the same time a perturbative treatment of the triple excitations was
proposed, giving rise to QCISD(T) theory. This addition has proven to be worthwhile [37]
and QCISD(TQ) has even been proposed to include quadruple excitations [38]. QCISD scales
as O(N%) while QCISD(T) requires one iteration of O(NT).

1.6.3 Coupled Cluster Theory

The theoretical framework of Coupled Cluster (CC) theory was developed in the late
1960s [39,40], but it was not until the late 1970s that the practical implementation began to
take place and until 1982 that the corner stone of modern implementation, CCSD [41] (CC

including all single and double excitations), was presented.
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CC solves the size consistency problem of CI by forming a wavefunction where the exci-

tation operators are exponentiated,

Voo =exp(T) T (1.60)
where
T=T\+T+T5+... (1.61)

and T}, is a linear combination of all n-type excitations, for example,

IO =YY Ciuy
a

i

T, = Y0y cbut

1>7 a>b

(1.62)

where C}' and ij” are the coefficients to be determined. Substituting equation (1.62) into
equation (1.60) yields the CCSD wavefunction

Yeosp = Yot Z Z GV + Z Z Civyy
[

a>b 1>]

Y S crchu ¢ LSS S S ok
ab

ij a>b e>d i>j k>l

(1.63)

This reveals the advantage of CC theory: higher excitations are partially included, but their
coefficients are determined by the lower order excitations. The coefficients are determined
by projecting Schrodinger’s equation on the left with the configurations generated by the
T operator. This replaces the eigenvalue problem by a non-linear simultaneous system,
requiring iterative solution. Luckily, convergence is fast in most cases [42].

As mentioned above, the addition of pure triple excitations is required for some chemical
problems. However, CCSDT scales as O(N?®), which is impractical for all but the simplest of
systems. A more practical alternative is CCSD(T) [37] where the effect of triples is estimated
through perturbation theory with a non-iterative O(N") cost.

With a large enough basis set CCSD typically recovers 95% of the correlation energy for
a molecule at equilibrium geometry, while CCSD(T) sees a further five- to ten-fold reduction
in error [43]. With such accuracy CC has become the method of choice for accurate small-
molecule calculations, even though the method is not variational (property 6, above).

A method closely related to CCSD is Brueckner Doubles (BD) [44], which uses the Brueck-
ner orbitals [45] rather than the HF orbitals for a CCSD treatment. The Brueckner orbitals

are defined as the set of orbitals for which the single excitation coefficients are zero. Finding
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these orbitals makes the theory slightly more computationally intensive (BD and BD(T) still
scale as O(N®) and O(N7) respectively). However, BD theory promises a slight increase in

accuracy above CCSD.

1.6.4 Mgller-Plesset Perturbation Theory

Mgller-Plesset Perturbation theory [46,47] treats the exact Hamiltonian, H , as a small
perturbation from the HF Hamiltonian, Hy — the sum of the one-electron Fock operators

defined by equation (1.34). That is,
H=Hy+\V. (1.64)

If we expand the exact energy and wavefunction in terms of the perturbation

i =00 e 4 ae®

v
1.65
B, = B9+ BN £ EP + | )

where \I/Z(n) is the n-th state HF wavefunction. Substituting equations (1.65) into the

Schrédinger equation and collating the powers of A gives the equations:

mHu!” = gO (1.66)
o) +ve® = Ou 4 EWgO (1.67)
Ho? + 7o) = gOu® 4 EWgW 4 g@g® (1.68)

and so on. Multiplying each of these equations on the left by ¥y and integrating over all

space yields expressions for E(™ in terms of V and w(—1),

EY = (w0 h|v) (1.69)
BY = (@ we”) (1.70)
Y = (wvel) (1.71)
Y = (wve?) (1.72)

and so on. From this it can be seen that the HF energy is the sum of E(()O) and E(()l).

By using the expansion
v =5 Dol (1.73)

in equation (1.67) and rearranging, an expression for the coefficients can be found:

00150
(D = __(@?0)|V|\If?0)>_ (1.74)
EY — B
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Inserting this expansion into the second-order energy expression gives a readily computable

formula for the second-order Mgller-Plesset (MP2) energy

2) }Z ((ialjb) = (iblja))*

BY =
0
4i'b €a +€h— € — €
Ja

(1.75)

The MPn energies are size consistent, but not variational. Size consistency can be seen by
considering the MP2 energy for two widely separated systems A and B. The energy expression
will only be non-zero if the orbitals v;,;,%q, %, are all on A, or all on B. Thus there are no
cross-correlation terms.

The computational cost scaling of the MPn energy is O(N (™+3)). For MP2 this arises from
the need to transform the integrals over atomic orbitals into integrals over molecular orbitals.
MP2 is a relatively cheap form of correlation, yet the higher orders become comparitively
very expensive, especially considering that a CC or QCI calculation may be more accurate.

Perturbation theory relies on the starting wavefunction being close to the exact wave-
function. When this is the case, convergence of the MP series is rapid. However, when bonds
are stretched the MP series becomes oscillatory. Also, if a UHF wavefunction with high spin
is used, convergence can be extremely slow [28,48]. Recent results have suggested that with
large basis sets divergence can occur even for systems where HF is a good starting point [49].

For all these reasons it is expected that MP theory will become less popular.

1.6.5 Gaussian-2 Theory

If the energy of a molecule at its equilibrium geometry is all that is required, then a
semi-empirical method for determining the correlation energy is available. Gaussian-2 (G2)
theory [50-53] is a composite procedure, using HF, MP2, MP4 and QCISD(T) (therefore
scaling as O(NT)). Tt has been parametrized using 125 experimentally well-characterized
atomization energies, ionization energies, electron affinities and proton affinities.

The procedure approximates a large basis QCISD(T) calculation using a series of additive
approximations. G2 theory is usually within 1-2 kcal/mol of experiment. This combined with
its ‘black box’ nature is making the method very popular — even for correcting experimental

energies. However, the method has been shown to fail for some quite simple problems [54].

1.7 Basis Sets

Equation (1.16) states that the orbitals are made up of a linear combination of basis

functions. Obviously, we have restricted the orbitals’ flexibility unless the basis functions
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form a complete set. Each function added to the basis increases the computational cost, so
it is vital that the number of functions in a basis is kept as small as possible, while at the
same time providing the orbital with as much flexibility as required.

The most convenient way to define a basis set for any nuclear configuration is to define
a particular set of functions for each nucleus, depending only on the nuclear charge of that
nucleus. There are two main types of basis functions in use today. The first, introduced by
Slater in 1930, are termed Slater-Type Atomic Orbitals (STOs) [55]. STOs have exponential

radial parts
ba(r) = (x — Ap)™ (y — Ay) (2 — A,)% e Al (1.76)

with a center A = (A4,, Ay, A,), angular momentum a = (a,ay,a.) and nuclei dependent
exponent a. STOs, like exact wavefunctions, have cusps at the nuclei and decay exponentially.
Unfortunately, integrals over STOs are expensive to compute.

In 1950 Boys [56] suggested that basis functions constructed of Gaussian-Type Atomic
Orbitals (GTOs) would overcome the computational difficulties of STOs. A GTO has the

form
Ba(r) = (z— Ap)™ (y — Ay)"™ (2 — A;)e 2 AL, (1.77)

GTOs decay too fast and have incorrect nuclear cusps, so it is not surprising that many more
GTOs than STOs are required to achieve the same accuracy [57]. However, the speed with
which integrals over GTOs can be calculated more than compensates for this.

If STO properties are desired, they can be approximated by a sum of Gaussians, a phi-
losophy which led to the introduction of the STO-nG basis sets [58]. These are an example
of Contracted GTOs [59]

K
Ba() =3 Dutlw — A)™ (y — Ay)™ (2 — A,)% e ol AP (1.78)
k

where K4 is referred to as the degree of contraction and the D, are the contraction co-
efficients. The contraction coefficients are not changed during a calculation, reducing the
computational overhead.

There are several different basis sets in common use, all offering different trade-offs be-
tween accuracy and speed. Some of the more popular are those by Dunning [60] and the

‘split-valence’ sets by Pople and co-workers [61-63].
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1.8 Molecular Properties

While the energy is undoubtedly the fundamental quantity, chemists usually characterize
molecules by other properties, for example, the dipole moment or the molecular structure.
The ability to accurately calculate these properties is one of the major strengths of modern
electronic structure theory. These calculations are made possible by the fact that the prop-
erties are responses of the molecule to external parameters such as the nuclear coordinates,
applied electric and magnetic fields, etc. These parameters become variables on which a
potential energy surface is mapped out. Therefore analytic derivatives of the energy with
respect to these variables yields the familiar molecular properties.

The derivatives with respect to nuclear positions give the nuclear forces, which allows
rapid minimization of the energy with respect to nuclear coordinates, providing the molecular
structure. Second derivatives with respect to nuclear position reveal the force constants,
allowing harmonic frequencies to be calculated. These derivatives also allow the classification
of stationary points, greatly facilitating the location of transition structures (which will be
first order saddle points).

The various derivatives with respect to electric field, magnetic field and nuclear spin allow
determination of a range of properties, including: electric polarizability, infrared intensities,
magnetic susceptibility, chemical shielding, spin-spin coupling, Raman intensities and hy-
perpolarizabilities. However they are beyond the scope of this thesis, and these properties
will not be discussed here. What is important is that they all result from derivatives of the

energy, and thus fast evaluation of the molecular energy is highly desired.



Chapter 2

Density Functional Theory

“IDFT is] As easy as rolling over in bed” - H. F. Schaefer III

2.1 Introduction

In recent years Density Functional Theory (DFT) has become the most popular method in
quantum chemistry, accounting for approximately 90% of all calculations today. The reason
for this preference is the extreme computational cost required to obtain chemical accuracy
with multiple determinant methods. DFT scales with the same order as HF theory — O(N).

This difference in speed is heightened by the fact that multiple determinant calculations
require very large basis sets, with high momentum basis functions, whereas DFT can produce
accurate results with relatively small basis sets. This is due to the poor behaviour of the
HF wavefunction when the inter-electronic distance becomes very small. The cusp-condition
[64—67] states that the wavefunction should increase linearly when moving away from 715 = 0.
The post-HF methods of section (1.6) try to account for this by introducing terms of r2, and
higher. Thus, the convergence of the correlation energy with the momentum in the basis set
can be exceedingly slow, of the order of (I + %) * [68].

DFT avoids the expense of the more traditional methods, deriving the energy directly
from the electron probability density, rather than the molecular wavefunction,thus drastically

reducing the dimensionality of the problem.
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2.2 The Hohenberg-Kohn Theorems

DFT was given a formal footing by the two theorems introduced by Hohenberg and Kohn
in 1965. It is said that after the two theorems were introduced, the spectroscopist E. Bright
Wilson [69] stood up and gave a much more conceptual overview of the theory.

If the exact electron density is known, then the cusps in p(r) will provide the positions

of the nuclei. The slope of p(r) at the nucleus A must obey

0

a—_(rA) = —27Z4p(0) (2.1)
rA

ra=0
(where p denotes the spherical average of the density) giving the charge at the nucleus, Z4.
Thus the full Schrodinger Hamiltonian is known, as it is completely defined by the nuclear
charges and position. Therefore the wavefunction and energy can be found, and hence, the
system can be completely described by the electron density.

A Hamiltonian of the form

4 | N ) N N N 1
__Q;vﬁ;u(rin;;m (2.2)

is completely determined by the external potential, v(r). The first Hohenberg and Kohn
theorem [70] states that, for non-degenerate ground states, the external potential v(r) is
determined, to within an additive constant, by the electron density, p(r). The theorem has
since been extended to include degenerate ground states [71].

The proof is based on the minimum energy principle and begins by considering two exter-
nal potentials, v1 (r) and vy(r) arising from the same density. There will be two Hamiltonians,
H, and H, with the same density, but different wavefunctions, ¥; and ¥y. Now, using the

variational principle,

EY < (Uo|H, | W) = (Ug|Hy| W) + (Uo|Hy — Hy|Usy) (2.3)
=55+ [ o) (r) = ) . (2.4)

Similarly
B = B~ [ p)lon(r) — vafe)]d, (2.5)

which leads to the contradiction

E?+ EY < Ed + EY. (2.6)
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Hence, the external potential is determined by the density and we may thus represent the

energy as a functional of the density

Blp) = / p(0)0(x) dr + Tlp] + Vel (2.7)

where T'[p] is the kinetic energy and V..[p] is the electron-electron repulsion, including the

// |r1—r2| d 1drs. (2.8)

The second Hohenberg-Kohn theorem [70] introduces the variational principle into DFT;

Coulombic interaction, J[p]:

for a trial density p(r), such that p(r) >0 and [ p(r)dr = N
By < E[j) (29)

where E[p] is the energy functional from equation (2.7). The proof is as follows: the first
Hohenberg-Kohn theorem allows p to determine its own potential ¥, Hamiltonian H and
wavefunction ¥, which can be used as a trial wavefunction for the problem with external

potential v. Therefore,

(B AT = / A(e)o(r) dr + TI3] + Veeld] = E[3] > Elp). (2.10)

Assuming that E[p] is differentiable, equation (2.9) requires that the ground state density
be stationary, subject to the constraint that the integral of the density gives the number of

electrons,

SE[p] — o [/ p(r) dr — N] — 0 (2.11)

which leads to the Euler-Lagrange equation

0T[p] | Vee[p]
op(r)  op(r)

where a familiar property to chemists, the chemical potential y, has been introduced.

= u(r) + (2.12)

Equation (2.12) would be an exact equation for p(r) if the exact form of T'[p] and V¢.[p]
were known. Unfortunately the Hohenberg-Kohn theorems do not provide this, only that
they exist. Also T'[p] and Vge[p| are defined independently of v(r), so once we have a form

for these functionals they can be applied to any system.
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2.3 The Constrained Search Formulation

The second Hohenberg-Kohn theorem has two drawbacks. Firstly, it assumes that there
is no degeneracy in the ground state, and secondly the density must be v-representable: it
must arise from a wavefunction with a Hamiltonian able to be written in the form of equation
(2.2). The specific conditions that make a density v-representable are unknown, but many
‘reasonable’ densities have been shown to be non-v-representable [72,73].

A weaker constraint, that the density is N-representable, can be used if the Levy
constrained-search is used [72,74]. A density is N-representable if it can be obtained from
some antisymmetric wavefunction. The theory begins by showing how to distinguish the
ground state wavefunction ¥q from a wavefunction ¥,, that simply integrates to the ground

state density po(r). The variational principle gives
(U po | H|W ) > (V0| H|Wo) = Ep. (2.13)

Remembering that the potential energy due to the external field v(r) is a function of the

density leads to
(U7 + Vel e) + [ o0)p0(e) > (Wl + Vel o) + o0 dr (214)
(Upo| T+ Vee|Wpp) > (Wo|T + Vee| o). (2.15)

Thus the ¥y is the wavefunction that integrates to pg and minimizes the expectation value

of T + V. Defining our universal functional as

Flp] = min(¥|T + Ve | V), (2.16)

where F[p] searches all U that yield the input density p, allows the energy to be expressed

Ey = Hgn [F[p] + /U(r)p(r) dr] (2.17)
= min E[p] (2.18)
p
where
Elpl = Flol + [ o(e)ote) de (2.19)

which is a search over all N-representable densities. Thus, the v-representable problem has
been removed. The restriction requiring no degeneracy has also been lifted. In degenerate
systems the wavefunction giving p(r) will be selected. All that remains is to find an accurate

form for the functional E[p].
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2.4 Density Matrices

Before introducing the various density functionals, it is useful to examine density matrices

and the exchange correlation-hole. The N-th order density matrix is defined as
N (X)xh Xy, XX - xy) = Uy (x)xh - Xy ) U (kg% - X)) (2.20)
From this the first- and second-order reduced density matrices can be defined:
1 (x),%1) = N/ - / Uy (x)xh - Xy ) N (XX - XN) dXs ... dxN (2.21)

N(N -1 %
2 (x| x5, x1X9) = %/"'/\IIN(XIIXIQ"'XIN)\I/N(Xl)CQ"'XN)ng...dXN. (2.22)

Note that the first-order density matrix integrates to the number of electrons, and the second-
order density matrix integrates to the number of electron pairs. Obviously, v; can be obtained
from 79 by integration,

2

yi(x),x1) = ﬁ/'yg(x'IXQ,xl)CQ)de. (2.23)

Most operators of interest do not involve the spin coordinates, so it is common to integrate

over spin, forming the spinless density matrices [75],
p1(r],ry) = /71(1"131,1'131)(131 (2.24)

pg(r'lr'Q,rlrg) = // ’}’2(1"1811',282,1'1811'282) d81d82. (225)

The diagonal element of p(r},r;) is simply the electron density, p(r1). There is a shorthand

for the diagonal element of po,

,02(1'1,1'2) = ,02(1'11'2,1'11'2). (226)

Using this new notation the expectation value of the electronic Hamiltonian can be written

as

1 1
E:/[—Evzpl(r',r)]r/rdr—l—/v(r)p(r) dr—l—/ apg(rl,rz)drldrz. (2.27)

For restricted HF the last term simplifies to
[p] / E,O I'1 I'Q drldrg — —//—|p1 I'1,I'2)| drldrg (228)
where the first-order reduced density matrix, the Fock-Dirac density matrix, is defined in

terms of the HF orbitals
N/2

I'l,I'Z = 221/) I'1 I'Q (229)
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2.5 The Exchange Correlation Hole

The last term of equation (2.27) can be separated into the classical, J[p], and non-classical

parts by defining

pa(r1,12) = Sp(rs)p(r)L + h(re, o) (2:30)

where h(riry) is the pair correlation function. Slater [76] looked at this in a slightly different

way, defining the exchange-correlation hole by

pxc(rl,rg) = p(rg)h(rl,rg). (231)

Using the spinless equivalent of equation (2.23) we find the condition

/pm(rl,rg) dry = —1 (2.32)

which must hold for all values of r1. The electron repulsion term can then be written

1 1
Vie=Jlo) 4 5 [ [ oplen)pacter, ) dradrs, (2.33)

where the non-classical part has been expressed as a repulsion between the density and the
exchange correlation hole, a distribution of unit positive charge centered around ry. The
coulomb potential due to the non-classical part has been shown to have the asymptotic

behaviour [77]

. . 1 1
rlh—r)noo vmc(rl) = rlh—r)noo prc(rl, I'2) drg = _I'_l (234)

2.6 The Uniform Electron Gas

There is no systematic way to find or improve a density functional. The most appealing
way forward is to find the exact solution for a model system, and then assume that the
system of interest behaves similarly to the model. The first density functionals were due to
Thomas [78], Fermi [79-81] and Dirac [82], all of which used the uniform electron gas as their
model.

The uniform electron gas is defined as a large number of electrons N in a cube of volume
V', throughout which there is a uniform spread of positive charge sufficient to make the
system neutral. The uniform gas is then defined as the limit N — oo, V — oo, with the

density p = N/V remaining finite. Although it does bear some resemblance to electrons in
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metals, its widespread use is due to its simplicity — it is completely defined by one variable,
the electron density p.
Using the uniform electron gas, an expression for the kinetic energy (the Thomas-Fermi

kinetic functional) can be derived [83]
3
777 ) = (67 [ g w)dr, (2.35)

where o can take the values of o or 8. When applied to atoms and molecules the Thomas-
Fermi functional yields kinetic energies that are about 10% too small.
Similarly, an expression for the exchange energy of the uniform electron gas can be cal-

culated (the Dirac exchange functional) [83]

B = -3 () - [ ey an (2.36)

The Dirac functional also gives exchange energies that are roughly 10% smaller than those
from HF theory [84]. More worrying is that the spurious self-interaction of electrons is not
exactly canceled.

A closed shell functional for the correlation energy of the uniform electron was determined
by Vosko, Wilk and Nusair [85], who combined analytic information about the high and low
density limits with the quantum Monte-Carlo simulation results of Ceperly and Alder [86].
The VWN functional usually overestimates the correlation energy of atoms and molecules by
approximately a factor of two [87]. The uniform electron gas is obviously a better reference

system for exchange energies than it is for correlation energies.

2.7 The Almost Uniform Electron Gas

The electron densities of atoms and molecules are often far from uniform, so functionals
based on systems which include an inhomogeneous density should perform better. In 1935
von Weizsacker [88] placed infinitesimally small ripples on the uniform electron gas and

calculated the second order correction to the kinetic energy
1
V0] =T pr) 4 ¢ [ o/ e (2.37)
where z(r) is a dimensionless quantity, the reduced density gradient

[Vp(r)]
z(r) = i)’ (2.38)
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Unfortunately the original derivation was flawed and the above functional is too large by a
factor of nine [83]. The corrected functional is a large improvement on T7727[p], yielding
kinetic energies typically within 1% of HF theory. The fourth order [89] and sixth order [90]
corrections have subsequently been computed; however, the series is divergent due to the
extremely large values of z(r) in the Rydberg regions, and it is advantageous to stop after
second order.

A similar correction was made to the Dirac exchange functional by Sham [91]. Kleinman
[92] later showed that the Sham derivation was too small by 10/7. The second order correction

to the exchange energy is

5
By pe) = B7%lpo] = o6 o7 / Py dr. (2.39)

The corrected functional gives exchange energies that are typically within 3% of HF; however,
it is not seen as an improvement over the Dirac functional, as the potential is unbounded in

the Rydberg regions of atoms and molecules.

2.8 Kohn-Sham Theory

The kinetic energy has a large contribution to the total energy. Therefore even the 1%
error in the kinetic energy of the Thomas-Fermi-Weizsacker model prevented DFT from being
used as a quantitative predictive tool. Thus DFT was largely ignored until 1965 when Kohn
and Sham [93] introduced a method which treated the majority of the kinetic energy exactly.

The theory begins by considering the noninteracting reference system: N noninteracting

electrons, each in one of N orbitals, 1;. Such a system will be defined by the Hamiltonian
X N N
H=Y (—5VD)+ > ux) (2.40)

which has an exact eigenfunction that is the single determinant constructed from the N

lowest eigenstates of the one-electron equations

1
[—§V2 + Us(r)] Yi = €ithi. (2.41)
The corresponding Euler-Lagrange equation is
oT.
b= vy(r) + S0P (2.42)
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For this system the kinetic energy and electron density are given exactly by

N

Tolo] = Y (il — 5 V2 (2.4

i
N
pr) = Ii(r)]” (2.44)
i
and the total energy is given by

Blpl = Tlpl + [ vsw)ole) e (2.45)

The quantity Ts[p] is well-defined, but not the exact kinetic energy, T'[p], defined in equation
(2.7). Kohn and Sham reformulated the interacting problem so that its kinetic component

is defined to be Ts[p] and rearranging equation (2.7) to give

Elpl = Tlpl + Jlpl + [ o0)ple) + Exclp (2.46)

where F,.[p] is the exchange-correlation energy, made up of the non-classical electron-electron

repulsion and also the difference between the exact and noninteracting kinetic energy

Eyc[p] = Tp] — Tslp] + Veelp] — Jlp]. (2.47)

The Euler-Lagrange equation (2.12) now becomes

= 2.48
/’1’ Ueff(r) + (5,0(1') ( )
where the Kohn-Sham (KS) effective potential, veg is defined as
pr) .,
vet (r) = v(r) + / 1 dr’ + vg(r) (2.49)
and the exchange-correlation potential, v, is
dEyc[p]
= —. 2.50
UJL’C(r) 5p(r) ( )

Kohn and Sham noticed that equation (2.48) is the same as that for a non-interacting
system moving in the potential veg(r). Thus, the exact density can be obtained by solving

the N one-electron equations (the restricted KS equations)
Lo
—5 V7 e (r) | i = eithi. (2.51)

Notice that veg depends on p(r), via equation (2.50), hence the KS equations must be solved

iteratively.
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The KS equations are very similar to the Hartree-Fock equations. In fact, setting the
exchange-correlation potential to the HF exchange potential,

Uge(r) = — / Z Mﬂ’jfr)ﬁm dr’, (2.52)
J

lr —r/

yields the HF equations. Drawing too many similarities to HF is dangerous, however. Firstly,
the KS orbitals are simply a way of representing the density; they are not (as in HF) an
approximation of the wavefunction. In particular, Koopmans’ theorem [94] — that the
ionization potentials and electron affinities are approximated by the negative of the HF
occupied and virtual orbital eigenvalues respectively — is invalid for KS orbitals. The highest
occupied KS eigenvalue has been shown to be the negative of the first ionization potential,
though [95]. Also, HF theory is variational, providing an upper bound to the exact energy,
yet DFT is only variational if the exact energy functional is used.

The above analysis is only appropriate for closed shell molecules. Because the KS equa-
tions so closely follow the restricted HF equations, both the restricted open shell and unre-
stricted methodologies are readily available. However, the KS equations are formally exact
(given the exact F..[p]), so it must be able to produce an excess of (3 electron density at
points in the molecule [96], and therefore only the unrestricted formalism is appropriate. The

unrestricted KS equations are
1 2 « « a, o
—§V + ver (r) | 95" = 59 (2.53)
1
55 o] 0 = < (2.54)

where

& () — o 0J[p] | 6Ezc[pa; psl
vegr (1) = v(r) + = 0 590, (r)
]

ol
5J[,0 5E:vc[paa pﬁ]
Sor) T bps®)

One problem with the above derivation of the KS equations is that the density must be

r + (2.55)
vgff(r) =o(r) + +

(2.56)

non-interacting v-representable. That is, there must exist a potential v; that will produce the
same density as the exact wavefunction. If the density is not non-interacting v-representable,
the determinant formed from the KS orbitals will be an excited state [97]. The criteria that
make a density non-interacting v-representable are unknown.

Just as in HF theory, the KS equations are solved by expanding the orbitals over a basis

set. The major advantage of DFT is that the basis set requirements are far more modest
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than the more conventional correlated methods [98,99]. In DFT the basis set only needs to
represent the one electron density — the inter-electron cusp is accounted for by the effective
potential, veg. In the more traditional methods the basis set describes the entire N-electron
wavefunction, requiring an accurate description of the cusp which is sensitive to the basis

set.

2.9 Exchange-Correlation Functionals

KS Theory allows the kinetic energy to be computed to a chemical accuracy, so ‘all’
that remains is an accurate form for the exchange-correlation energy functional, Ey.[p]. The
exact form is obviously unknown, and with the accuracy of DFT determined mainly by the
functional used, it is no surprise that finding new functionals is the focus of much modern
research.

The simplest form for E.[p| is the Dirac exchange term, forming Hartree-Fock-Slater
(HFS) theory [76]. Slater also pointed out that EP30 systematically underestimated the ex-
change energy by about 10% and proposed multiplying the Dirac coefficient by 1.1, resulting
in the semi-empirical X, theory. While the HFS total energies are not as accurate as HF
theory, for thermochemistry, HF'S theory is a big improvement over HF theory [100]. This is
due to a convenient cancellation of errors arising from HFS systematically underestimating
the total energy.

The natural extension of HFS theory is to add the VWN functional for the correlation
energy, thus using the uniform electron gas to model exchange and correlation effects. The
resulting theory is termed the Local Spin Density approximation (LSDA). The LSDA is an
improvement over HFS theory, yet VWN makes no account for the correction of the kinetic

energy, T.[p], where

Telp] = Tlp] — Ts[p] (2.57)

which can reach the magnitude of the correlation energy itself [77]. As VWN usually over-
estimates F, by a factor of two, inclusion of T, could have a dramatic effect on the accuracy

of the VWN functional.

2.9.1 The Becke Exchange Functional

The exchange energy is an order of magnitude larger than correlation energy, therefore,

the 10% error of EP30 is the major problem of the LSDA. One reason for this could be the
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incorrect asymptotic behaviour of EP30.

The exchange energy density €,(r1) may be defined as

Bl = [ plev)es(en) dry (2.58)
eo(ry) = %/%dm. (2.59)

Using equation (2.32) the following constraint for E;[p] is obtained:

lim e,(r) = L (2.60)

r1—00 27y

The long range behaviour of the electron density is

lim p(r) = exp [—2\/%7“} . (2.61)

r—00

where I, is the exact first ionization potential [101]. Therefore the LSDA ¢, will have the

asymptotic form

r—00

2
lim e£5P4(r)) = exp [—5\/2Iminr] (2.62)

In 1988 Becke [102] introduced a correction to the Dirac exchange functional which gives

the exchange energy density the correct asymptotic behaviour. The functional form is

2
X
EP®[p,] = EP*[p,] — b / pil® PRI e ped (2.63)
g g

with the parameter b = 0.0042 determined by fitting the exchange energies of the first six

noble gas atoms. One deficiency of Becke’s functional is that the potential decays asymptot-

ically as [103,104]

1
. B88( .\ _
rhjgo vy (r) = o (2.64)
instead of the correct [104, 105]
lim v, (r) = - (2.65)
Jim vz (r) = ~ .

Despite this drawback, EZ%8 is an extremely accurate density functional. For predict-
ing atomic exchange energies it is 1-2 orders of magnitude better than the Sham-Kleinman

functional [106].
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2.9.2 The Perdew-Wang 91 Functional

In 1991 Perdew [107,108] modified Becke’s functional, constraining it to become like the
Sham-Kleinman functional as  — 0, and tend towards zero as £ — oo, while trying to retain

the EP® behaviour for medium range z. The functional form is

b 2 _ h— —5/3Y,.2 —1.64 2\ _ 1 —6,.4
EPWOL, | = EDYO[, ] _/ x5 — (b — 5(36m) - )w_glexp( 645527) — 10~%x; (2.66)
1 + 6bz, sinh™" 2, — 10762 /v

;1)1/

i 5, However, despite the added complexity, energies

where « is the Dirac coefficient of % (
obtained from EFW! are seldom an improvement over EZ® [106]. The functional has also

been shown to violate the original condition upon which EZ® was developed [109].

2.9.3 The Gill Functional

With the knowledge that satisfying limiting constraints had not helped in the EZW9!
functional and that the EP®® functional was a (successful) attempt to reduce the z? behaviour

of the Sham-Kleinman functional, Gill [106] introduced a simple exchange functional
B, = EPVlpg) —b [ o532 de (2.67)

where the parameter b = 1/137 was chosen by fitting the exchange energy of the Argon atom.
The ES? functional has incorrect behaviour for both high and low z, yet it is similar to
EP® for mid-range x values. The fact that this far simpler functional performs comparably
to EP® [106] shows again that the limiting behaviour of functionals is of less importance

than the behaviour for mid-range values of z.

2.9.4 The Lee-Yang-Parr Functional

All of the above functionals use, in some way, the uniform electron gas. This approach
was abandoned by Lee, Yang and Parr in 1988, who turned to the Helium atom instead.
Colle and Salvetti [110] had already presented an approximate correlation energy formula for
the Helium atom in terms of the second order HF density matrix. Lee, Yang and Parr [111]
turned this into a functional of the density, gradient and Laplacian. Miehlich, Savin, Stoll
and Press [112] later eliminated the Laplacian terms using integration by parts. For closed

shell systems the functional is

o 11b 3 5 76
EF Pl = —a/ Trdp 5 ﬂPQWPP +b 1—0(37T2)2/398/3 + |Vp|? o™ wp? dr
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where
_exp(=ep™?) s
w= L+ dp173 P (2.69)
d -1/3
—ep B P
d=cp + Tt dp 1P (2.70)

with the parameters a = 0.04918, b = 0.132, ¢ = 0.2533 and d = 0.349 derived from the
Colle-Salvetti fit to the Helium atom.

ELYP is one of the most accurate correlation functionals at the moment, especially when
combined with EP® forming BLYP theory. BLYP geometries are of a standard comparable
to HF theory (however, BLYP tends to overestimate bond lengths, whereas HF underesti-
mates), and atomization energies, ionization energies, electron affinities and proton affinities
are usually accurate to within 20 kJ mol ™! of experiment [100]. BLYP predicts harmonic fre-
quencies that are of an accuracy similar to that of MP2 theory — a noticeable improvement
over HF.

BLYP can fail quite spectacularly though, especially in systems with stretched bonds.

An example is the barrier height calculation for the reaction [113]

While HF, MP2 and CCSD(T) all do quite well in predicting the barrier height, BLYP
predicts a height only one quarter of that measured experimentally (however, LSDA predicts
H3 to be more stable than H + Hy!). The lack of an exact self-interaction correction was

shown to be important.

2.9.5 The Wigner Functional

An extremely simple form for the correlation energy was suggested by Wigner in 1938
[114], which has subsequently been shown to perform better than EY"W [115]. The functional
form contains two parameters, and there have been a number of reparametrizations [116-118],
each with its own strengths. The functional occurs as a term in EXYF | and simply sticking
with these parametisations (and pairing with EZ88) yields an accuracy surprisingly close to

BLYP [118]. The spin-polarized functional form is

1 PaPp
EV38(py, pgl = —4 / P d 2.72
¢ " Pas pgl a 1+ d(pa +P,8)_1/3 Po + pg r ( )

with the parameters ¢ = 0.04918 and d = 0.349. The Wigner form does satisfy limiting

conditions [115], but it is perhaps of most importance due to its simplicity, showing that

current correlation functionals (such as ELY'T) may be unnecessarily complicated.
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2.9.6 Hybrid Density Functionals

A familiar theme when accessing the accuracy of exchange-correlation functionals is that
density based functionals will overestimate a quantity which HF theory will underestimate
(for example, bond lengths [100]). With this in mind, Becke [119] has argued that the exact
exchange-correlation functional must include a fraction of HF exchange. Initially Becke [120]
proposed a functional that consisted of 50% HF exchange and 50% density-based exchange-

correlation. This functional was quickly replaced by the three parameter mix denoted B3P
B = BESPA ool — ) 4 oy (B9~ BP) 0B (27

PWI1
Ec

where is the gradient correction of the Perdew-Wang correlation functional [107,108]

Efwgl). The three parameters ag = 0.20, a, = 0.72 and

(often used in conjunction with
a. = 0.81 were determined by minimizing the atomization energies, ionization energies,
electron affinities and proton affinities of the G2 dataset.

An alternative functional has been proposed, using EXY'F instead of EPW9! [121]. B3LYP

has the form
BEPP = BLSPA - ag(BE — BPY) 4 0y — BP) 4 o (BEF — EYVY) (271

with the same parameters as in B3P. B3LYP shows surprising accuracy for thermochemistry,
structures and spectroscopic properties of first row molecules [122]. The high accuracy of

B3LYP has made it perhaps the most popular functional of modern density functional theory.

2.10 Numerical Evaluation of Exchange-Correlation Integrals

The exchange-correlation functions are sufficiently complicated that the integrals required
cannot be carried out analytically. Even the simplest of the family (EP3°) is too complex if
Gaussian basis functions are used to represent the density. One way forward is to expand
the exchange-correlation potential in terms of auxiliary Gaussian functions [123]. The disad-
vantage of this scheme is that it is hard to reduce the extent of approximation towards zero.

A more popular way is to calculate the integrals numerically using quadrature schemes.

2.10.1 Voronoi Polyhedra

The electron density contains cusps at the nuclei and decays exponentially away from

the nuclei. This suggests that the placement of quadrature points should be dependent
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on the nuclear positions. This can be achieved by partitioning space into regions (Voronoi
Polyhedra), each containing only one atom. The total integral is the sum of single atom
integrals. There are a number of such partitioning schemes [123, 124]; however, the scheme
used by the package produced in our research group, Q-CHEM [125], is that developed by
Becke [126].

The integral
Bulpl = [ Py (2.75)
is split up via weight functions w(r)
Bulpl =3 [wato)Pw) de (2.76)
A
where the weight functions obey

wa(r) >0 and ZwA(r) =1. (2.77)
A

These weights are constructed to be almost unity if A is the closest atom, and almost zero

in the vicinity of other atoms. This is achieved through the variable u, defined by

rA—TB
= 2.78
[AB o (2.78)

where 74 and rp are the distance from atoms A and B, while R4p is the interatomic distance

between atoms A and B. The weight function is then described by

_ Pa(r)
wal) = <~ s (2.79)
A#B
Pu(r) = [] s(ran) (2.80)
A#£B

where the function s(uap) is defined as

0 if0<pap<1
s(paB) = (2.81)
1 if =1 < pap <0,

Becke then removed the discontinuity at p4p = 0 by redefining s(u) as a function with

s=1)=1, s(+1)=1, and B o (2.82)
die | g4

Above is the implementation in Q-CHEM. Becke’s original implementation also includes
a correction for atomic size. This is accomplished by a change in variable, working with s(v)

instead of s(u), where

vap = pas +aap(l — pip) (2.83)
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with a 4p defined by

u
asp = 522 . (2.84)
AB
x—1
_Xx—1 2.85
waB =g (2.85)
Ry
_ B 2.86
X=g (2.86)

where R4 and Rp are the Bragg-Slater radii [127,128].
Each of these single-center integrals is then calculated with a spherical polar quadrature

grid (requiring the insertion of more weights, w;), making the final expression for E,:
E, = // F(r,0,¢)r?sinf drdfdd = Z Z wA(r;)w; F(r;). (2.87)
i A

2.10.2 Radial Integration

Q-CHEM, like most modern DFT packages, supports more than one radial quadrature
scheme. With the time and accuracy of a calculation directly linked to the type of grid
used it is not surprising that this is an area of much research, and new, improved grids are
constantly being published [126,129-132]. The work in this thesis, however, uses only the
Euler-Maclaurin quadrature scheme.

The implementation follows that developed by Murray et al. [133]. The Euler-Maclaurin
scheme integrates a function over the interval [0, 1], using equally spaced points with equal
weights. Thus a transformation from the interval [0, 00) is required. The convergence over
the sum of quadrature points is more rapid if the integrand and its low derivatives are small
at the end points. The nature of exchange-correlation functionals ensures that all derivatives
vanish at 7 = oo and the Jacobian factor forces the integrand and its first derivative to vanish

at r = 0. Handy and Boys [134,135] thus introduced the transformation to the variable g,

r—a (%q)Q (2.88)

d
" —9a—12 (2.89)

dg " (1-q)°
where « is taken as the Bragg-Slater radius. This transformation also has the benefit of
forcing the integrand and all derivatives up to fifth order to vanish at ¢ = 0, and all derivatives

at g = oo.
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2.10.3 Angular Integration

There are two common types of angular quadrature schemes, differing in whether or not

the 6 and ¢ integrations are treated together (Lebedev) or separately (Gauss-Legendre).

Lebedev Quadrature

A large amount of work has been done on quadrature schemes to exactly integrate spher-
ical harmonics over a sphere [136-139]. The most popular are those by Lebedev [140-143]
which use quadratures based on the octahedral group. A Lebedev grid of degree L exactly
integrates all spherical harmonics of degree L or less. The number of grid points, NP(L)

required is approximately

NP(L) ~ % (2.90)

Lebedev grids are currently available up to degree L = 53 (974 grid points), although Q-
CHEM has only up to degree L = 29 (302 grid points).

Gauss-Legendre Quadrature

While the Lebedev grids are very efficient they cannot be used for arbitrary precision.
For this reason it is sometimes desirable to perform the 6 and ¢ integration separately, even
though it is likely to be less efficient.

The ¢ integration is performed with equally spaced points, while the # integration uses
Gauss-Legendre quadrature, which is designed to exactly integrate all polynomials up to de-
gree 2NP — 1, where NP is the number of points. To exactly integrate all spherical harmonics
up to degree L, the § quadrature requires (L +1)/2 points and the ¢ quadrature L+ 1 points,

thus
NP(L) = ———— (2.91)

which is 2/3 the efficiency of the Lebedev scheme.

2.10.4 Translational and Rotational Invariance

One of the problems that arises when integration is performed numerically with a finite
grid is that translational and rotational invariance can be lost. Luckily, using the grid points
as defined above ensures translational invariance. The grid points are linked to atomic

centers and therefore translate with nuclear movement. However a rotation of the molecule
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leaving the grid axes unrotated will cause a slight change in energy. This effect is even more
pronounced with derivative calculations, in particular the calculation of harmonic frequencies
[144].

An early attempt to solve rotational invariance was the use of randomly rotated angular
grids, with the hope of averaging out any error [145]. A more rigorous solution was given by

Johnson et al. [146] where the grid points are defined by
r; = Ry + Os;, (2.92)

with R4 the atomic position, s; the quadrature grid points, and O is the matrix formed from

the eigenvectors, M, of the charge moment tensor
M =) Zs[Ra— T’I— (Ry — T)(Ra — T)"] (2.93)
A

with Z4 the charge at nucleus A and

ZsR
T = M. (2.94)

22474
With this new definition the grid points are defined in terms of the molecule, thus re-
moving the problem of rotational invariance. This is only a problem when finite grids are
used. If the grid is made exhaustively large the problem begins to disappear, though this

will usually be computationally infeasible.

2.10.5 Standard Quadrature Grid

Following the idea of standard basis sets, Gill et al. [147] have introduced the idea of
a standard grid. The SG-1 grid was designed to give numerical integration errors of about
0.2 kecal mol ! for medium sized molecules, while using as few grid points as possible. The
grid is derived from the EML-(50,194) grid, which has 50 radial points, given by the Euler-
Maclaurin rules, and 194 angular points positioned by the Lebedev rules (a Lebedev grid of
degree 23).

As the nucleus is approached from the the valence region in a molecule the electron density
becomes spherically symmetrical, and therefore less sophisticated angular grids should be
required. The SG-1 grid partitions space into five spherical regions around the atom and
then uses Lebedev grids with 6, 38, 86, 194 and 86 points respectively. The size of each
region depends on the central atom. This produces about 2500 points per atom, roughly
a quarter the size of the EML-(50,194) grid, yet yielding similar (within a few pu-Hartree)

accuracy.
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2.10.6 Standard Electronic Orientation

The previous two sections show how to ‘standardize’ the DFT energy of a molecule.
However, it ignores the effect of a rotation of a degenerate orbital. For example, the occupied
p-orbital of the Boron atom. In HF theory rotation of this orbital does not effect the energy.
In DFT rotation will introduce grid effects, introducing an error dependent on the size of the
grid. Obviously, with an infinite grid this problem does not exist.

This can be overcome by removal of degeneracy, forcing the orbital into a particular
orientation. In Q-CHEM this is achieved by introducing a small quadrupole field [147], with

the components

z? = +1x1071° (2.95)
y? = +2x10710 (2.96)
2? = —3x10710 (2.97)

The effect of the field on the total energy is negligible, but ‘standardizes’ the DFT energy

for degenerate molecules.

2.10.7 XC Linear Scaling

A simple implementation of the above procedure will produce an algorithm which scales
as O(N?). In 1993 Johnson [148] showed that the integration could be performed in only
linear work, with a few modifications to the above procedure taking advantage of the fast
decay of the basis functions.

For each basis function ¢, centered at R,,, a sphere is defined beyond which its influence
is deemed negligible. The radius of the sphere, \,, is found from choosing a threshold e
and requiring that |¢p,(r)| < € for every point outside the sphere. For any grid point ry all

significant basis functions can be found by selecting those that fulfill
lry — Rao| < Ao (2.98)

Therefore a list of all significant basis functions is created for every grid point. The impor-
tant property of the list is that the number of significant basis functions at each grid point
becomes independent of size for sufficiently large molecules. The construction of this list
is an O(N?) process — (number of grid points) x (number of basis functions), but Strat-

man et al. [149] have noticed that the computational time involved is insignificant for even
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very large molecules (CsgqHyg). If the formation of this list becomes a problem in the fu-
ture, Pérez-Jordd and Yang [150] have reformulated the algorithm into one which scales as
O(Nlog N).
The density at any grid point is given by
plrg) = Papa(rg)ds(ry) (2.99)
B

which forces the evaluation of the density to scale as O(N?3). However, if the summation is
restricted to only those basis functions which are significant at the grid point, the compu-
tational effort per grid point becomes independent of size (for a sufficiently large molecule)

and the density evaluation should scale linearly with the molecular size.

2.11 The Kohn-Sham matrix

To minimize the energy within a basis set requires construction of the Kohn-Sham matrix,
the matrix representation of the operator in equation (2.51). Writing the exchange-correlation

energy as

Eye = /fxC(Pa Vp) dr, (2.100)
the exchange-correlation elements of the Kohn-Sham matrix are given by
F;fzf = /¢uvxc¢u dr (2.101)

with the potential defined by equation (2.50). By using calculus of variations [83] the potential

can be expressed as

afﬁEC 8fCEC
e = —V. : 2.102
v p \Y (8Vp> (2.102)

However, Pople et al. [151] pointed out that the calculus of variations procedure involves
integration by parts in the Vp contribution. Thus the numerical integration of equation
(2.101) will have an increased error. A more consistent approach is to obtain the exchange-
correlation part of the Kohn-Sham matrix from the direct minimization of the energy with

respect to orbital variations, that is

OF of of
FEe T _ / OJazc , ze , . 21

Another advantage of this formulation is that the second-derivative of the density is no longer

required, a major computational saving.



Chapter 3

Density Functional Partitions!

3.1 Introduction

The major disadvantage of DFT is that there is no systematic way to improve a density
functional. Thus, quality information on the performance of a density functional is essential in
determining how to improve functionals. It is common to compare the exchange-correlation
energies from a density functional with those determined by configuration interaction (or
the related perturbation or coupled-cluster theories) on a single determinant reference wave-
function. Of greater use in the design of new functionals would be the ability to examine
a functional’s performance for various subsets of electrons in a molecule. These partitions
are common in conventional theory. For example, the correlation energy associated with
inner-shell electrons is often separated and ignored (the frozen-core approximation). Also,
it is often possible (particularly at the simplest MP2 level) to separate correlation between
electrons of parallel (aa or 83) and antiparallel (o) spin. With MP2 theory the total corre-
lation energy can be expressed as a sum of electron-pair components, making such partitions
straightforward. Another useful partition is the splitting of density into core and valence den-
sities, allowing the examination of core-electron/core-electron, core-electron/valence-electron
and valence-electron/valence-electron contributions to the correlation energy.

This chapter, following earlier work of Stoll et al. [152,153] and Perdew et al. [154],
presents similar partitions of DFT exchange-correlation energies to their conventional coun-
terparts. This is carried out by examining electron correlation relative to the Kohn-Sham
single determinant reference wavefunction. Correlation energies are obtained from conven-

tional theory and DFT. Each may be partitioned by dividing the occupied spin orbitals into

!The work described in this chapter has been carried out in collaboration with Prof. John Pople
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non-overlapping sets, corresponding to a division of the density into two parts, allowing the

resulting energy components to be compared.

3.2 General Theory

Writing the full spin-dependent density as

¥(x) = pa(r)la(s)]” + ps(r)|B(s) (3.1)

shows that electron density is readily separable into two parts. Integration over the spin

coordinate s gives the regular density
o) = [ 96x)ds = pal) + (o). (3.2)
Remembering from Chapter 2 that the KS energy can be written as
El] =Tl + VI + Ty + B[], (3-3)

where an approximate functional is used for the exchange-correlation functional Ey.[v].

The KS treatment begins by writing «v in terms of a set of orthonormal spin orbitals, x;:

occ

v = bl (3.4)
=1

leading to the KS equations. The great advantage of this is that it allows the Hartree-Fock
procedure to be written as a special case of KS density functional theory, simply by defining
the Fock exchange-only functional for E,.[y] as

occ

By = _% Z// X?(Xl)Xj(X;)X}‘-(XZ)Xz‘(XZ) i, ey, (3.5)
2y

12

Note that this exchange energy is defined for any appropriately normalized spin orbitals x;,
and hence for any appropriate density y(x). Thus, the accuracy of a density produced by an
exchange-correlation functional under the KS formalism can be examined by comparing its

value for E, above with the true Hartree-Fock energy. Thus, we define
Exslvks] = Tslyrs] + VIvks] + vk s] + Ee[vks]- (3.6)
Also, it should be apparent that

EKS > EHF (3.7)
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as the HF energy is the lowest expectation energy that can be obtained from a single-
determinant wavefunction. This also allows the correlation energy to be defined as the

difference

EC[7K5] = E:vc['YKS] - Ex['YKS]- (3.8)

For the conventional treatment of electron correlation a set of orthonormal virtual spin
orbitals, x5 needs to be introduced. A Fock matrix for the KS determinant can then be

constructed

occ

FRS =Ty + Vg + > (pillqi) (3.9)

=1

where (pi||gi) is an antisymmetrized two-electron integral

wallrs) = [ [ xp(xi)r 2

Unless the Fock functional is used, the Fock matrix will not be diagonal. In particular, there

1

. [Xq (1) X (32) — x5 (31) X (x2)] dx1dxs. (3.10)
will be nonzero elements F;, connecting the occupied and virtual spin orbitals. To simply
diagonalise this matrix would allow the occupied and virtual orbitals to mix, altering the

density. This can be avoided by separating the matrix into two parts,
FES = FES(00 4+ VV) + FES(0V) (3.11)

corresponding to nonzero occupied-occupied, virtual-virtual blocks in the first part and
nonzero occupied-virtual blocks in the second. The matrix FX5(OO + VV) can then be
diagonalised, providing a new set of spin orbitals that could be described as the canonical
Fock orbitals for the constrained KS determinant. These new occupied orbitals will be an
orthogonal transformation of the KS occupied spin orbitals and will yield the same density,

that is

occ occ
v =Y bal* =D X =5 (3.12)
i=1 i=1
The single determinant wavefunction formed from the occupied y;, written here as W, will
be equal to Vgg.
Second-order Mgller-Plesset theory has been used to determine the conventional correla-
tion energy, starting from the ¥y wavefunction. At first order, the MP energy is simply Fxg

and the second-order correction is

B =Y P 5 (i]]ab)* (3.13)

— ¢, —€; 4 & ea—l—eb—ei—q'
ia ijab
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Note that Fj, appears in equation (3.13) as the off-diagonal elements are part of the per-
turbation Hamiltonian. If the Fock functional is used to form the KS density all F;, will
vanish and equation (3.13) will reduce to the more familiar form of equation (1.75). This
new term again essentially allows for a mixing of the occupied and virtual orbitals leading
to a tendency for the KS orbitals to move toward HF, therefore modifying the density. Also,
the Fj, contribution to E®) is much smaller than the second part of equation (3.13), and

have therefore been omitted here.

3.3 Energy Partitions

Suppose that the set of occupied spin orbitals y; are split into two non-overlapping
subsets X{‘ and XZB . Since the density 7y is the sum of the squares of the spin orbitals, it will

consequently be partitioned into two parts ¥4 and v? with

1) = 7 (x) +77 (). (3.14)

Any energy functional E[y*,y?] can then be split into ‘pure A’, ‘pure B’ and ‘interacting

AB’ parts by the partition

EA = E[y4,0] (3.15)
EB = E[0,~77] (3.16)
EAB = Ey4, 4Pl - EA — EB. (3.17)

Such a partition has been proposed by Stoll et al. [152,153] for the spin components, but it
can be applied elsewhere. A similar partition for the conventional energies can be achieved

by treating the energies as functionals of the sets XiA and XZB

E* = E[x{",0] (3.18)
E? = E[0, x{] (3.19)
EYP = Elxi',xf] - E* - EP (3.20)

where E[x#,0] denotes that all integrals involving B spin orbitals are zeroed.

The above partition will cleanly split the MP2 correlation energy and also the exchange
energy of the Fock functional. At higher levels of correlation treatment the partitions via
equation (3.18) become questionable. There are numerous complicated many-body interac-

tions involved which would be somewhat arbitrarily assigned. However, this is not addressed
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here, as only MP2 computations are performed. It seems reasonable that the DFT and con-
ventional partitions should be comparable at a coarse level, since MP2 usually accounts for

the majority of correlation in simple pair terms.

3.4 Application

The partition schemes described above have been implemented within the Q-CHEM pro-
gram. To demonstrate the use of partitioning, the LSDA functional has been tested for the
first-row atoms and the molecules Hy, N2, Fo, FH, OHy, NHj3, and CH4. The orbital basis
used is 6-311+G(3df,2p), with the standard SG-1 quadrature grid. The geometries for the
molecules are those of MP2 with the 6-31G(d) basis set.

The total energies are listed in Table 3.1. The first column is the energy obtained by
solving the KS equations for the LSDA functional. The other columns are energies using this
density. The second column gives the sum of the first three terms in equation (3.3) and the
third is this with the Dirac exchange energy added. The final column lists Exg as defined
by equation (3.6).

The differences Exs— Epr, where Epp are regular HF calculations with the same orbital
basis and geometry, are listed in Table 3.2. They arise because of differences between the
LSDA and HF densities. Note that, as expected, Exs > Expr. The magnitudes of these
differences are small when compared with correlation energies, but clearly not negligible.
This must be taken into account when comparing DFT correlation energies with conventional
values based on an HF starting point.

The first partition results are presented in Table 3.3. The LSDA correlation functional
has been partitioned with A = @ and B = . The MP2 correlation energies starting from the
KS density have also been partitioned. Note that these are full correlation energies, taking
account of all electron pairs.

Table 3.4 lists the DF'T correlation energies, split into core-core, core-valence, and valence-
valence partitions, along with the total DFT correlation energy. The valence-valence conven-
tional correlation energy is also listed. The conventional core-core and core-valence partitions
are not listed, as the orbital basis gives a very poor description of inner-shell correlation, lim-
iting the significance of the results. The valence-valence results using QCISD(T) based on
the HF starting point are also listed for comparative purposes. They have been incremented

by the values in Table 3.2, thus allowing for the KS reference.
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Table 3.1: Total Energies for Partition Molecules (hartrees)

LSDA NoXC HFS Eks
H -0.47835 -0.19921 -0.45663 -0.49894
He -2.83256 -1.85619 -2.72081 -2.85821
Li -7.34221 -5.67152 -7.19113 -7.43001
Be -14.44484  -11.92421  -14.22024  -14.56933

B -24.35242  -20.79262  -24.06338  -24.52534
C -37.46510  -34.65274  -37.10778  -37.68297
N -04.12937  -47.83831  -53.70141  -54.39175
0 -74.51998  -66.65201  -73.98786  -74.79881
F -99.09882  -89.42861  -98.46121  -99.38934
Ne -128.21133 -116.49864 -127.46811 -128.51382
Hy -1.13674 -0.48254 -1.04256 -1.13229
Ny -108.68189  -95.94700 -107.73911 -108.94796
Fo -198.31988 -178.89857 -197.02225 -198.70752
FH -99.83580  -89.70121  -99.13477 -100.04198
OHy  -75.90141  -67.16846  -75.24027  -76.04380
NHs;  -56.10183  -48.59154  -55.47729  -56.20576
CH;  -40.11538  -33.66071  -39.52360  -40.19840

Table 3.2: Energy Differences Fxs — Eyp (mhartrees)

H 087 Ne  12.66
He 1.69 H,  0.71
Li 202 Ny 2459
Be 2.61 F,  33.78
B 574 FH 1335
C 728 OH, 12.72
N 7.4 NH; 12.40
O 1053 CH, 13.82
F 1247
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Table 3.3: Spin Components of the Correlation Energy (mhartrees)

DFT(LSDA) conventional(MP2)

aa B of aa (B of
H 21.72 0 0 0 0 0
He 26.89  26.89  57.96 0 0 29.61
Li 47.12 3236 71.59 0.16 0 1343
Be 54.20  54.20 116.21 0.25 0.25 43.13
B 83.70  59.77 145.57 429 033 58.84
C 118.35 64.26 174.71 1481 036  72.95
N 157.03  68.06 202.87 32.76  0.38  85.06
O 165.71 101.04 265.36 34.75 545 129.71
F 173.04 138.46 326.11 36.68 18.05 175.56

Ne 179.45 179.45 384.32 38.51 38.51 221.25
Hy 22.66  22.66  48.85 0 0 29.87
Ny 22741 22741 487.97 96.32  56.32 339.76
Fo 313.18 313.18 671.27 75.10 75.10 456.55
FH 169.16 169.16 362.71 38.91 38.91 230.33
OH, 159.44 159.44 342.25 35.58 35.58 223.61
NH; 150.54 150.54 323.46 29.30  29.30 204.97
CH; 142.58 142.58 306.62 21.15 21.15 180.98
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Table 3.4: Core-Valence Components of the Correlation Energy (mhartrees)

DFT(LSDA) conventional

total core  core-val.  val val.(MP2) val.(QCISD(T))
H 21.71 0 0 21.72 0 0
He 111.75 0 0 111.75 29.61 37.57
Li 151.08 134.28 2.61 14.18 0 0
Be 224.60 150.22 3.01 71.38 28.10 48.04
B 289.04 162.73 5.27 121.04 45.67 71.74
C 357.32  173.02 8.23 176.08 68.63 96.22
N 427.96 181.76 11.59 234.60 97.22 120.97
O 532.11 189.37 10.72  332.03 147.87 73.22
F 637.60 196.10 10.51  430.99 207.12 228.48
Ne 743.22  202.14 10.93 530.15 273.92 285.20
Hy 94.18 0 0 94.18 29.87 38.52
N, 942.79  363.35 15.49 563.95 407.24 424.44
Fy 1297.62  392.17 19.70  885.75 559.73 582.74
FH 701.03 196.08 9.92 495.03 284.32 296.02
OH, 661.14 189.34 8.87 462.93 271.61 288.76
NHs;  624.54 181.71 7.80 435.03 240.67 265.37
CHy 591.77 172.90 6.74 412.13 200.65 234.61
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With the use of partitioning twice, the acr, 83 and a3 spin components of the valence-only
correlation energy can be calculated. These, along with the corresponding MP2 partitions

are listed in Table 3.5.

Table 3.5: Spin Components of the Valence-Valence Correlation Energy (mhartrees)

DFT(LSDA) conventional(MP2)

oo B af aa (B af
Li 14.18 0 0 0 0 0
Be 1723 17.23  36.93 0 0 28.10
43.08 19.63  58.33 3.50 0 42.16
74.61  21.53  79.93 13.41 0 55.22
0 66.48

117.26  53.60 161.17 32.68 4.49 110.71

122.84  88.75 219.40 34.55 16.48 156.10
Ne 127.70 127.70 274.75 36.33  36.33 201.25
Ny 135.65 135.65 292.64 52.19 53.19 300.86
Fo 213.23 213.23 459.29 71.25 T71.25 417.24
FH 119.17 119.17 256.69 36.89 36.89 210.54
OH, 111.39 111.39 240.16 33.76  33.76  204.09
NH; 104.64 104.64 225.75 27.62 27.62 185.44
CHy 99.12  99.12 213.90 19.60 19.60 161.45

B
C
N 110.59  23.14 100.87 30.74
0)
F

3.5 Discussion

The familiar overestimation of the LSDA functional is demonstrated by the total correla-
tion energies in Table 3.4. These results are close to previously published LSDA correlation
energies [155]. Correct total atomic correlation energies (relative to the HF reference) are
known to range from 42 mhartrees for helium to 392 mhartrees for neon [156]. Thus, LSDA
is overestimating by roughly a factor of two.

The work of Stoll et al. [152,153] closely resembles Table 3.3. They partitioned the LSDA
correlation energy in this manner, but then compared just the a8 component to the total
correlation energy from conventional theory. However, as can be seen from the first two

columns of Table 3.3, the aa and S5 components are too large to ignore. The spin-parallel
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contributions are partly spurious, as indicated by the significant nonzero values for H, He
and Hy. These represent a self-correlation for single electrons. These effects are undoubtedly
present in the larger systems, contributing to their large acx and B values — far greater
than their corresponding conventional results, even accounting for the poor treatment of core
electrons with MP2 for this basis. The conventional results do show that spin-parallel effects
are significant, beyond that accounted for by the exchange term.

The spin-antiparallel components, shown in Table 3.3, are still significantly larger for
LSDA than MP2. For the helium atom, where there is only af correlation, the LSDA value
of 58 mhartrees is considerably larger than the known accurate value of 42 mhartrees, even
after accounting for the 1.7 mhartree correction of Table 3.2, but no longer by a factor of two.
The larger systems show even greater overestimation, but note that the MP2 results will be
underestimates, due to the crude description of the inner-shell conventional correlation.

If the LSDA error was roughly constant for each atom, a convenient cancellation of
errors would occur when examining most chemical properties. To see if this is the case the
contributions of parallel and antiparallel correlation to chemical binding energies are listed

in Table 3.6, along with their conventional counterparts.

Table 3.6: Spin Components of the Correlation Binding Energy (mhartrees)

DFT(LSDA) conventional(MP2)
aa + 60 af total aa + (60 af total
Hy 1.88 48.85  50.74 0 29.87 29.87
No 4.64 8223  86.87 46.37 169.64 216.01
Fy 3.37  19.06 2241 40.74 105.44 146.18
FH 5.10  36.60  41.70 23.09 54.77  T7.86
OH, 8.69 76.89  85.58 30.96  93.89 124.85
NH; 10.83 120.59 131.42 25.46  119.91 145.37
CHy 15.65 131.91 147.56 27.13 108.03 135.16

The conventional total correlation contribution shows that electron correlation does play
a major role in binding. The DFT totals are mostly lower (with the exception of Hy and
CHy), with Fy being remarkably lower. When broken down into the spin components, the
contributions of parallel spins are quite small by LSDA, even though the individual parallel
values of Table 3.3 are large. The MP2 results indicate that LSDA underestimates the paral-
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lel contribution (except for Ho, where there is none). The LSDA «af correlation contributions
to binding show improvement when compared with the general overestimation of total corre-
lation energies by a factor of two. However, there are wide variations with the type of bond.
LSDA describes moderately well the o8 contributions to bonds involving hydrogen. Yet
the triple bond in N2, where antiparallel correlation in the three pairs is a major stabilizing
factor, shows an LSDA underestimation by more than a factor of two. This is particularly
disturbing, remembering that the total correlation energies are overestimated by about this
factor. The LSDA functional also badly underestimates the af correlation contribution to
binding in the Fy molecule. Fg is bound by LSDA (just), however 99 mhartrees of the 122
mhartrees come from the exchange part, when conventional HF does not bind Fs.

Turning to the core-valence separations of Table 3.4, the first thing to note is that the inter
core-valence correlation energies are small. This is not surprising as the respective orbitals are
principally located in different spatial regions. Comparison with good conventional numbers
is not really possible, due to the deficiencies of the basis set. On the whole, the LSDA
functional shows a good separation of correlation energy into the core and valence regions.

Although good MP2 core-core correlation numbers are unavailable, the atomic LSDA
values should be close to those for the corresponding two-electron ions (He, Lit, Be?T,
B3+, ...). It is known that these remain fairly constant, approaching a limit of about 46
mhartrees [156]. The LSDA numbers here are larger by up to a factor of four, and show a
pattern of increasing steadily. This is obviously a major contribution to the overestimation
of total correlation energies by the LSDA functional.

The valence-valence LSDA correlation energies are also too large, by roughly a factor
of two. Again, the inadequate MP2 basis set provides a worrying underestimation, yet the
results are similar for the more sophisticated QCISD(T) numbers.

The LSDA functional provides roughly a constant error for the core-core correlation
components in moving from atom to molecule. Thus the failure to accurately describe the
inner-shell electrons is not related to any failures in the description of chemical bonding. This
is also true of the core-valence component. This suggests that the valence-only behaviour
of the LSDA functional is more important. The spin-component analysis of the valence
correlation energies is summarized in Table 3.5. The orbital basis is of better quality in the
valence region, allowing a more satisfactory comparison with conventional MP2 results.

The spin-parallel components of valence correlation energies are still too large, and again

show spurious self-correlation effects (for example Li and Be, where the valence correlation
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should be zero). The LSDA «af terms, however, do show a far better agreement with MP2
than the all-electron results. LSDA is too large again, but only by a factor of about 1.5, not
two as before.

The partitions can be continued to examine the spin components of the binding energy

using only the valence density, which are listed in Table 3.7.

Table 3.7: Spin Components of the Valence Correlation Binding Energy (mhartrees)

DFT(LSDA) conventional(MP2)

aa+ 306 af total aa+ 306 af total
Ny 3.85 90.89 94.74 44.89 16790 212.79
Fo 3.28 2049  23.77 40.45 105.04 145.48
FH 5.02  37.29 4231 2276 54.44  77.20
OH, 8.47 78.99  87.46 30.36  93.38 123.73
NHj; 10.39 124.88 135.27 2449 118.95 143.44
CHy4 15.20 133.97 149.17 25.80 106.23 132.02

As expected, the performance of the valence-only theory (for binding) is similar to the
all-electron results of Table 3.6. The correlation bindings are mostly too small and there is
incorrect division between the spin-parallel and antiparallel components. This is consistent
with a good cancellation of errors with the inner-shell contributions in moving from atoms
to molecules.

Finally, in Table 3.8, the spin components of the correlation energy contributions to the
ionization energies are presented. The total LSDA contributions of the five molecules studied
are all about 60 mhartrees. This bears no resemblance to the large variations seen for the
conventional values. The LSDA parallel and antiparallel components are roughly constant
as well, with antiparallel providing the majority of the total. This, again is in contrast to
the MP2 results, which show a roughly equal parallel/antiparallel contribution, with the
components changing in similar ways to the total. Table 3.8 demonstrates a failure of the

LSDA functional.

3.6 Conclusions

The work presented here shows that it is possible to compare the energy partitions of

density functionals with more conventional theories. This is achieved by using the Kohn-
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Table 3.8: Spin Components of the Correlation Tonization Potentials (mhartrees)

DFT(LSDA) conventional(MP2)
aa+ (BB aoff  total aa+ BB aoff total
N, 24.92  32.25 57.17 -12.32  -8.86 -21.18
FH 26.00 36.08 62.08 24.02 21.22 45.24
OH, 24.27 34.31 58.58 21.43 19.78 41.21
NHj 2243 32.58 55.01 17.27 17.14 34.41
CHy 23.33  32.20 55.53 9.45 11.49  20.93

Sham single determinant as a reference. It is possible to use the same procedure to determine
the spin orbital or density partitions of core/valence or « spin// spin (or indeed any partition
into non-overlapping spin orbitals).

When applied to the LSDA functional, spin partition shows a strong overestimation of the
parallel spin components (including spurious one-electron effects). Antiparallel correlation
is also overestimated, but by a smaller factor. The core/valence partitioning reveals core
correlation values which are much too large. These values also do not approach any limiting
value as they should. One bonus of the LSDA functional, though, is that these core values
remain fairly constant in moving from atom to molecule, allowing a systematic cancellation
of errors for most chemical properties. The LSDA functional does, however, show better per-
formance in the valence region, overestimating the antiparallel contributions by only a factor
of two (there are still major errors for the parallel components here). However, the major
failing of the LSDA functional is the relative contributions of aa 4+ 86 and «f correlation to
binding energies. The af contribution to binding is usually too low, even though the LSDA
functional generally overestimates the binding energy.

The partitioning method developed here is applicable to any energy functional, allow-
ing a more detailed evaluation of a functional than was previously possible. Hopefully the
study of the piecewise inadequacies of future functionals will allow the convergence towards
an accurate, correct energy functional. The LYP functional, which is used to develop the
empirical density functional of the following chapter, for example, does not have the spurious

one-electron effects seen here for the LSDA functional.



Chapter 4

Empirical Density Functionals!

4.1 Introduction

Exchange-correlation functionals are often tested by systematic comparison of computed
total energies with high-quality experimental data. The most common test set used for
such studies [98, 100, 106, 155] is the G2 set of atomization energies, ionization potentials,
electron affinities and proton affinities [52]. These tests showed a significantly improved
agreement with experiment by the introduction of local density gradients into the functionals.
Recently, a portion of the Fock exchange has been included with the exchange functional [119].
With adjustment of some of the parameters involved, the mean absolute deviations between
calculation and experiment for chemical energetics begin to approach that for G2 theory.

This chapter uses the G2 experimental data to examine some of the common functionals
in use today. This is carried out with three main objectives in mind. Firstly, the emphasis on
empirical parameterization is increased. Most previous functionals have first been constrained
to satisfy certain limiting conditions, for example the correct behaviour for the uniform
electron gas and the scaling at large distances, and then use parametization for the middle
ranges. By removing these constraints a functional of high practical value may be attainable.
The results may also give some indication of the changes to functionals that are implied by
the experimental data, and thus point the way for future functional improvements.

Previously it has been implicitly assumed that a functional designed to be optimal for
large basis sets will be equally suitable for small basis set calculations. In fact, E. Bright
Wilson’s argument (see section 2.2) holds for the density from a small basis set, as well as an

infinite one. Yet one would expect the ultimate functionals for the differing basis sets to be

!The work described in this chapter has been carried out in collaboration with Prof. John Pople
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quite different. A functional designed for smaller systems would also have a high practical
value as it would allow large systems (which require small basis sets) to be studied more
accurately.

The third objective is to examine the necessity of including Fock exchange in order to
obtain good agreement with experiment. Becke has alleged that “a small exact-exchange
component is a natural and necessary constituent of any exchange-correlation approximation
aiming for accurate molecular energetics” [119]. However, doing so introduces non-local
effects and consequent computational complications [157,158], and should therefore only be

included if it is really needed.

4.2 General Theory

The orbital basis used throughout this chapter is 6-31+G*. This is small enough to allow
the study of large molecules, yet also has enough complexity to contain the general features
required of a basis set [100]. The G2 geometries are the MP2/6-31G* geometries, and zero-
point vibrational corrections are calculated from Hartree-Fock harmonic frequencies. From
the original G2 set the two excited states, N;“ and SH;, have been removed. The atomization
energy and proton affinity of Hy and the ionization potentials of inert gas atoms have been
added. Also the electron affinity of the H atom has been excluded, as the 6-31+G* basis set
does not place a diffuse orbital on hydrogen.

The quality of a functional is judged by the root-mean-square (RMS) deviation of the
computed results from the experimental values for the 129 data points. This requires the
evaluation of self-consistent energies on 150 atoms and molecules. The RMS deviation is
minimized with respect to parameters included in the functionals. Linear combinations of
different functionals and combinations of the same functional with different parameters are
considered. This optimization can be carried out in two ways. In the first, termed ‘internal’

optimization, the full functional is written as a linear combination of component functionals
E:I:C:/Zcifi(paapﬂavpaav:oﬁ) dr (41)
i

with adjustable coefficients ¢;. This functional is then used to calculate the 150 self-consistent
energies, leading to an RMS deviation from experiment, which is minimized with respect to
the ¢;. The Hartree-Fock exchange can be included by adding another term to this sum with

an additional ¢ coefficient. This is the conventional mixing method introduced by Becke [119].
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The second method used is termed ‘external’ optimization. Here the 150 energies are

calculated for each of the component functionals

By = /fi(PaaP,BavPaaV,Og)dr. (4.2)

Note that, if there are n functionals, this will require the 150n single point Kohn-Sham
calculations. The energies for each functional can be arranged as n vectors E and then

combined, using coefficients c;, to give a single set of 150 energies as a vector

E(c) = . ¢ E. (4.3)

i
This mixture is, in effect, a ‘linear combination of model chemistries’ defined by the coeffi-
cients ¢;. As before, the RMS deviation from experiment is minimized with respect to the
.

While the second type could be used as a model, the internal optimization is clearly
preferable as only one calculation is required (compared with n calculations). However opti-
mization by the ‘external’ method is much faster as it only involves quadratic minimization of
the coefficients. Thus the external optimization can be used first as a pointer to worthwhile

candidates for internal optimization.

4.3 Results

The BLYP functional is known to perform quite well on the G2 set [98,100,106], making it
an ideal starting point for the optimizations. The results of modifying the BLYP parameters

are listed in Table 4.1.

Table 4.1: Modified BLYP RMS deviations (kcal/mol)

Functional RMS deviation
B(0.0042)-LYP 5.290
B(0.0035)-LYP 5.069
B(0.0042) + 1.0431LYP 4.963
B-LYP(optimum) 4.848

The unmodified BLYP functional (with Becke’s # parameter of 0.0042 in the exchange
part) gives an RMS error of 5.290 kcal/mol. The corresponding mean absolute deviation is

4.11 kcal/mol. Next, the Becke 3 parameter was optimized, moving to 0.0035, giving an RMS
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deviation of 5.069 kcal/mol. Third, an optimal linear combination of the original Becke and
LYP parts is found, lowering the RMS deviation to 4.963 kcal/mol. A final, fuller optimization
only lowers the RMS error to 4.848 kcal/mol. (This has a Dirac coefficient of 1.0072 times the
original, a # value of 0.003705 and LYP parameters of a, b, c,d = 0.049,0.108,0.24,0.342.)
The next step is to see the effect of the different 8 values through external mixing. By
taking a combination of B(0.0035)-LYP, B(0.0042)-LYP, Hartree-Fock-Slater and Hartree-
Fock-Becke theories the RMS deviation is lowered to 4.543 kcal/mol. Clearly the linear
combination of two Becke functionals is a better exchange functional than either separately.

The external optimization coeflicients are
9.558B(0.0035)LYP — 7.727B(0.0042)LYP — 0.861HF'S + 0.743HFB(0.0042). (4.4)

These coefficients were then refined via an internal optimization, along with a redetermination

of the LYP parameters. The complete functional is then

Epe = 1.030952EP30 1 10.4017AEB®8(0.0035) — 8.44793A EB88(0.0042) @5
4.5

+ ELXYP(0.055,0.158, 0.25, 0.3505)
where AEB®8 represents the Becke correction, that is the B88 functional without the Dirac
term. With this functional the RMS deviation is lowered to 4.237 kcal/mol and the mean
absolute deviation is 3.215 kcal/mol. The non-LYP part of the above functional has been
termed the double-Becke functional, while the complete functional is called ‘Empirical Den-

sity Functional 1’ or EDF1.

Table 4.2: External linear mixing of Hartree-Fock (kcal/mol)

Functional Combination RMS deviation
BLYP + HFB(0.0042) + HFS 4.920
BLYP + HFB(0.0042) + HFS + HF 4.499
EDF1 + HFB(0.0042) + HFB(0.0035) + HFS + BLYP 4.211
EDF1 + HFB(0.0042) + HFB(0.0035) + HFS + BLYP + HF 4.211

The third step is to investigate the effect of adding a fraction of Fock exchange to EDF1.
Table 4.2 gives the results of external mixing of Hartree-Fock with BLYP and EDF1 plus
their components. Clearly, there is strong HF mixing with BLYP, but virtually none with

EDF1. This is confirmed by trying to mix in HF with an internal optimization of the
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EDF1 components and Fock exchange. The HF coefficient is less than 0.001 and there is no
significant lowering of the RMS error.

To asses the usefulness of EDF1 as a density functional it has been used to obtain the
thermochemistry of the molecules in the G2 set, using the 6-31G* basis. The results are
listed in Table 4.3 and Table 4.4. In addition, the BLYP and B3LYP functionals have
been included for comparison. Perhaps surprisingly, BSLYP performs quite poorly, being
inferior to both BLYP and EDF1. However, the parametization of the B3LYP functional
was carried out using what is, in effect, an infinite basis. It is therefore not unreasonable
to expect performance to improve if it was reoptimized for the 6-31G* basis. An internal
reoptimization along these lines shows a decrease in the Fock exchange coefficient to about
5%, with an RMS error of 4.65 kcal/mol, still considerably inferior to EDF1.

The overall improvement in moving from B3LYP (or BLYP) to EDF1 is largely due to the
better atomization energies and proton affinities. The electron addition and removal energies
are only slightly superior. It is interesting that the worst EDF1 results (atomization energies
of SO5 and Os, ionization energy of Os, electron affinity of Cly, and proton affinity of Hy) are
also problematic cases for BLYP and B3LYP. This confirms the underlying similarity of each
of the three functionals, that they are all made from essentially the same main components.

By writing density functionals in the form

Belpl = [ o w)go) e (4.6
the double-Becke functional can be compared with the original B88 form. The B88 g(z) is
pa?

,x) =Cy — 4.7
9m83(6, ) 71 + 60x Sinh_l(x) (47)
with 8 = 0.0042 and Cj is the coefficient of the Dirac functional. The new ¢(z) is

GdoubleB (z) = 1.030952C) + 10.4017¢gpgs (0.0035, ) — 8.44793gpss(0.0042, x) (4.8)

These two functions are plotted in Figure 4.1.
At 2 = 0 the double-Becke value is slightly below that of the uniform electron gas. The
double-Becke curve is also much flatter at the origin. This can be seen from the initial term

in the Taylor expansion
—g"(0)z* + ... (4.9)

which is ¢ (0) = —0.00184, compared with —0.0084 from the original B88 form. The double-
Becke value is much closer to the Sham-Kleinman value of —0.00387 . Also, the double-Becke

curve is below B88 until z = 4 and the curves cross again at x = 9.7 .
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Table 4.3: Deviations from experiment for various functionals

Exp.

Exp.-BLYP Exp.-B3LYP Exp.-EDF1

atomization energies (kcal/mol)

Hy

LiH

BeH

CH
CH2(*Bq)
CHy(*Ay)
CHs

CHy

NH

NH,

NH;

OH

OH,

FH
SiH,(1A4)
SiH,(*By)
SiH3

SiHy4

PH,

PH3

SHo

CIH

Liy

LiF
HCCH
H,CCH,q
H3CCH3
CN

HCN

103.3
96.0
46.9
79.9

179.6

170.6

289.2

392.5
79.0

170.0

276.7

101.3

219.3

135.2

144.4

144.4

214.0

302.8

144.7

2274

173.2

102.2
24.0

137.6

388.9

531.9

666.3

176.6

301.8

-0.1
1.0
-7.0
-0.3
1.9
4.0
1.5
3.9
-3.5
-2.6
2.6
0.7
7.6
5.3
1.5
1.5
4.4
6.0
-0.7
4.4
7.5
6.5
4.2
2.3
8.4
7.0
9.5
-3.7
-2.1

-0.6
1.0
-7.9
0.3
0.1
3.8
-0.8
0.6
-1.6
-0.2
4.4
2.8
10.3
7.7
0.2
0.2
1.0
1.0
-1.0
3.0
7.1
6.4
4.2
0.8
11.3
0.6
3.7
7.8
6.6

-3.1
1.3
-7.2
-0.4
-2.3
2.2
-3.7
-3.7
-2.7
-2.6
-0.2
0.4
4.6
2.9
-0.6
-0.6
-0.3
0.7
-2.8
0.4
3.4
3.5
5.4
4.4
4.1
-1.3
-3.0
-2.1
-1.5
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Table 4.3 (continued)

Exp. Exp.-BLYP Exp.-B3LYP Exp.-EDF1
CO 256.2 2.5 10.5 24
HCO 270.3 -4.4 3.6 -6.3
H,CO 357.2 -1.0 4.9 -4.5
H;COH  480.8 6.9 7.8 -0.1
No 225.1 -4.5 8.8 0.2
HoNNHy  405.4 -0.1 5.2 -2.4
NO 150.1 -8.5 3.6 -6.7
O2 118.0 -13.1 1.3 -13.9
HOOH 252.3 0.5 11.3 -0.2
Fo 36.9 -9.1 3.8 -7.3
COq 381.9 -2.8 11.9 -b.4
Nagy 16.6 -0.7 -0.1 1.3
Sio 74.0 1.9 9.0 0.8
Py 116.1 2.5 10.4 3.7
S2 100.7 1.8 7.4 0.0
Cly 57.2 7.7 10.9 6.6
NaCl 97.5 7.4 6.7 6.7
510 190.5 3.6 12.7 6.2
SC 169.5 3.6 10.8 2.6
SO 123.5 -1.1 9.0 -1.4
CIO 63.3 -3.5 5.8 -2.9
CIF 60.3 -0.9 6.1 -0.7
CH;Cl 371.0 7.1 5.1 -0.2
SipHg 500.1 13.2 4.5 4.1
CH3SH 445.1 11.1 8.4 2.1
HOCI1 156.3 4.1 10.8 3.0
SO2 254.0 16.3 35.9 15.3
ionization potentials (eV)
H 13.60 0.12 0.08 0.06
He 24.59 -0.12 -0.19 -0.20
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Table 4.3 (continued)

Exp. Exp-BLYP Exp.-B3LYP Exp.-EDF1
Li 5.39 -0.13 -0.15 -0.12
Be 9.32 0.33 0.29 0.36
B 8.30 -0.27 -0.30 -0.26
C 11.26 -0.13 -0.19 -0.18
N 14.54 -0.01 -0.09 -0.13
0) 13.61 -0.54 -0.43 -0.31
F 17.42 -0.33 -0.26 -0.24
Ne 21.56 -0.22 -0.17 -0.28
Na 5.14 -0.19 -0.19 -0.07
Mg 7.65 0.02 0.00 0.14
Al 5.98 0.11 0.04 0.04
Si 8.15 0.20 0.11 0.12
P 10.49 0.29 0.17 0.16

10.36 -0.01 -0.05 0.01
Cl 12.97 0.07 0.00 0.04
Ar 15.76 0.11 0.01 0.00
CHy 12.62 0.13 0.00 0.07
NH; 10.18 0.19 0.20 0.13
OH 13.01 -0.11 -0.06 -0.04
OH, 12.62 0.17 0.19 0.11
FH 16.04 0.08 0.11 0.00
SiHy 11.00 0.21 0.02 0.18
PH 10.15 0.15 0.04 0.03
PH, 9.82 0.05 -0.05 -0.05
PH; 9.87 0.18 0.14 0.17
SH 10.37 0.09 0.03 0.08
SH» 10.47 0.24 0.16 0.18
CIH 12.75 0.19 0.10 0.10
HCCH 11.40 0.40 0.36 0.32
H,CCH, 10.51 0.35 0.35 0.28
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Table 4.3 (continued)

Exp. Exp.-BLYP Exp.-B3LYP Exp.-EDF1
CO 14.01 0.01 -0.12 0.07
N, 15.58 0.24 -0.15 0.21
0O, 12.07 -0.47 -0.79 -0.53
Py 10.53 0.32 -0.36 0.20
Sa 9.36 -0.02 -0.26 -0.13
Cly 11.50 0.30 0.04 0.23
CIF  12.66 0.19 -0.02 0.16
SC  11.33 -0.06 -0.14 -0.05
electron affinities (eV)
C 1.26 -0.07 -0.02 -0.06
CH 1.24 -0.07 -0.02 -0.07
CHs 0.65 -0.07 0.05 0.05
CHj 0.08 0.14 0.24 0.21
CN 3.82 -0.06 -0.18 0.02
NH 0.38 -0.07 0.09 0.07
NH, 0.74 0.08 0.21 0.15
NO 0.02 -0.37 -0.36 -0.30
O 1.46 -0.26 -0.06 -0.11
OH 1.83 0.02 0.19 0.08
(0D 0.44 -0.14 -0.11 0.07
F 3.40 -0.22 -0.02 -0.17
Si 1.38 0.19 0.13 0.18
SiH 1.28 0.14 0.09 0.13
SiHo 1.12 0.08 0.04 0.08
SiHj 1.44 0.11 0.11 0.17
p 0.75 -0.10 -0.07 -0.02
PH 1.00 0.01 0.02 0.08
PH, 1.26 0.12 0.11 0.16
PO 1.09 -0.05 -0.17 -0.06
S 2.08 -0.04 -0.03 0.02
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Table 4.3 (continued)
Exp. Exp.-BLYP Exp-B3LYP Exp.-EDF1

SH 2.31 0.07 0.07 0.09
So 1.66 0.07 -0.03 0.12
Cl 3.62 0.01 -0.01 0.00
Cly 2.39 -0.69 -0.70 -0.56

proton affinities (kcal/mol)

Hy 100.8 10.7 11.5 8.5
HCHH 152.3 0.5 -0.2 -2.5
NH; 202.5 1.1 -0.2 -1.7
H50O 165.1 5.3 4.1 2.9
SiHy 154.0 4.0 5.7 2.9
PHj3 187.1 4.0 2.8 1.5
H»S 168.8 3.4 3.5 1.0
HCI 133.6 0.6 6.5 3.4

Table 4.4: RMS errors for functionals
RMS Errors (kcal/mol) Exp.-BLYP Exp.-B3LYP Exp.-EDF1

atomization energies 5.75 8.10 4.41
ionization potentials 5.14 5.05 4.34
electron affinities 4.39 4.40 3.79
proton affinities 5.23 5.51 3.77

4.4 Conclusions

There are three principal conclusions from the work presented in this chapter. Firstly,
the g(z) from the B88 functional differs quite considerably from that obtained by optimizing
with respect to experimental energies. A new functional, EDF1, has been found which,
although more empirical than those before, has been designed with a small basis set in mind.
Thus, it should be suitable for computations on large molecules. For the 6-314+G* basis set
it appears to be more accurate than the extremely popular BSLYP functional. Finally, there
is no significant improvement when the Fock exchange functional is added to the empirical

mix. It should be emphasized that this result is specific to the small basis set used, and may
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Figure 4.1: The g(z) functions for the B88 and double-Becke exchange functionals

-1.1

-L2 JdoubleB (:E)

—  ¢gBss(7)

-13 L

change if larger bases are used. However, it does show that the present accuracy attainable

by density functionals can be achieved without the expensive Fock term.



Chapter 5

Faster Integral Calculation

5.1 Introduction

One thing that all the calculations in this thesis have in common is their reliance on the
calculation of a number of two-electron repulsion integrals (ERIs) (for example, equation
(1.24)) over contracted Gaussian-type basis functions. As mentioned in section (1.5.7), the
number of ERIs grows as O(N?) and has become the computational bottleneck for most HF
and DFT calculations. Because of this, the efficient calculation of ERIs has been the focus of
much research [56,159-176]. Even the new O(NN) approaches for construction of the Coulomb
matrix require the computation of ERIs for short-range interactions.

It should be noted that almost all ERIs calculated at present are over Gaussian type
orbitals. This is entirely due to the Gaussian product rule: that the product of two Gaus-
sian functions is another Gaussian, centered somewhere on the line connecting the first two
centers. Thus, any four-center ERI involving GTOs can immediately be reduced to a two-
center integral (over GTOs), a simplification not available with STOs. Thus the fundamental

(contractionless and momentumless) integral

= // ool —A e B L ylr-GP aleaD g g (5.1)
T12
becomes
I= U//emP?LemQP drydrs, (5.2)
r12
where

— —af \ npe 0 2
U =exp [a+ﬁ|A B| ]exp [7+5|C D] ] (5.3)
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and

C=a+p n=y+0 (5-4)
A+3B C+ 4D
P:% Q:%. (5.5)

How equation (5.2) is then computed depends on the integral method used. Each method
has a number of subtle peculiarities, but all involve four basic steps (although the order of
action varies from method to method).

The operator step, O, generates the momentumless two-center integrals over the two-
electron operator. In the PRISM method [160] (which includes the McMurchie-Davidson
[163], Obara-Saika [164], Head-Gordon-Pople [165], and Ten-no [166] as special cases) this
forms the [0](™) integrals.

In the momentum step L, recursive identities are used to build the momentumless quan-
tities into those of the required angular momenta. This is where the bulk of integral research
has been focused over the last two decades [159-166,169-175].

The contraction step gathers together the primitive (uncontracted) components to form
fully contracted contributions. The main advance of the PRISM method was the execution
of the contraction step at the most optimal time. Previously, the contraction step has always
been after the operator step (in the case of PRISM, forming the (0)(™)s). The work presented
in this chapter describes how contraction can be carried out first, thus providing the prospect
of massive computational savings, and also forming the CO path to the COLD PRISM [176].

In the density step D, the contracted quantities are multiplied by the density matrix
elements P,,. This step is usually termed ‘digestion’ of the integrals and was traditionally
performed last. One of the discoveries of the COLD PRISM, however, is that large time

savings can be achieved by performing this step earlier.

5.2 Traditional (0)™ Generation

Momentum is built up by recurrence relations which use (L 4+ 1)Ko Kget (where Kp,q
is the number of Gaussians on center A times the number at center B, and similarly for
K ket with centers C and D) [0]™)s (one m for each degree of momentum, L).

The simplest [0](™ (that is, [0](?)) is the fundamental electron-repulsion integral, equation

(5.2). The integration is performed by first replacing each of the three factors by its Fourier
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representation, giving (after some re-ordering)

0]® =(27) 73U " o~k /4G /41 ik -P—iky-Q AT
Cn k3

(2m) 3 / eirrtatke) g (27)73 / v (ks=k2) gr) dk ) dkydks. (5.6)

The last two integrals above are Fourier representations of the three-dimensional Dirac delta

function, allowing simplification to

4
0]© = 3/2 /// —kE/AC—k3 /An—iky-P—iks-Q 2 —0(k; + ko)d(ks — ko) dk; dkodks.  (5.7)
Remembering that the Dirac § function has the sampling property of
/(5(1‘1 — rg)h(rl) dr1 = h(rg) (58)

for any function h(r) allows the triple integral to collapse to the single integral

22U © sinu 2
0) __ —u< /(47T
0]® = (Cn)3/2R/o Lo /61) g (5.9)

where, for convenience and computational efficiency, the following variables have been intro-

duced:

R=Q-P (5.10)
T = v?R? (5.11)
v? = CCTnn (5.12)

The final integration is usually performed with the introduction of a special function G,,(T),

2 ! 2
= —/ t?me=T gt (5.13)
™Jo

giving
0]© = UV202G(T). (5.14)

The higher momentum [0]™ formulae can be found via the relation

—d[0]™™ /dR

(m+1) _
0 -

(5.15)
producing the general formula

0]m =T (202)™ 2 G, (T). (5.16)
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If the value of T is less some critical value, the function G,(T) is calculated using Chebyshev
interpolation [167]. The G,,(T), 0 < m < L are then calculated by downward recursion

using

Gm (T) =

ST [2TG 1 (T) +e77] . (5.17)

Note that this also requires an interpolation for e~

If T is greater than a critical value, the distributions overlap negligibly, and G,,(T) can
be approximated

(2m — 1!

Gn(T) % (i (5.18)

and the [0](™) reduces to the classical multipole formula

() () () e

which can be computed extremely fast via recursion.

The (0)(™)s are formed if contraction is carried out immediately after forming the prim-
itives. Contraction can occur early or late, depending on the PRISM path; however, it is
advantageous to contract early if the total degree of contraction (Ko = KprqKKet) is high.
With the new algorithms mainly reducing the cost of high momentum, the point is fast be-
ing approached where ERI generation is dominated by making and contracting the [O](m)s.
During contraction, scalings are introduced which are required for the later transformations,
so a (0)(™) is more accurately represented as:

KBra KKet c! d’
o = 33 oy (20)°(20)
a'b'p cldl / 2a T 2,8 [0] (27 T 25)(1, . (520)

The double sum above is the problem. The amount of work required to calculate (0)(™
scales with Kp,qKket- Note that this means two interpolations and a divide are calculated
KproKKer times! The rest of this chapter presents a method which scales independently of

Kprq and Key.

5.3 The Bra Concentric Case

For simplicity the special case of A = B is considered first. As well as being conceptually
simpler it also produces computational savings which are useful, so this special case has been

coded into the Q-CHEM program.
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Figure 5.1: The Bra concentric case

The first (and most drastic) approximation is to assume that the Bra and Ket are well
separated, something equivalent to assuming that all Gaussians on a shell-pair are point
charges.

R;; is generated from the length DB, which is the same for all elements of the contracted
shell-pair and therefore only needs to be calculated once per (0)(’”). Note that y; is the
fraction that (); is along DC'. Computational time can be saved if the formula generates the

reciprocal of R;;, avoiding a costly divide. Now, by simple vector addition:

Rij =DB — DCyj (521)
R}, =DB-DB—2DC - DBy; + DC - DCy3 (5.22)
= |DBJ|? - 2|DC||DB| cos Oy; + |DC|*y; (5.23)
where
DC-DB

= ———— 5.24
Y= 1pC| DB’ (5:24)

therefore,

1 1 IDC| IDC|?

=——/1—-2"Z1y;cosf 2, 5.25
75 |DB|J DB’ DR (525)

Using a binomial expansion and the Legendre polynomials P, the square root is replaced by
an infinite series
1 1 & IDC| \F
— =—— ) Pi(cosh) (—y) (5.26)
Rij  |DB] kzo |DB[™

1 [o¢]
= DBl Z aokyy (5.27)
k=0
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with

DC|\*
apr = <ﬁ> Py (cos 0). (5.28)
|DC|
|DB|
—1 < Py(cosf) < 1. Therefore the series will converge whenever the ratio of |DC| to

k
The magnitude of the kth term is bounded by ( ) because 0 < y; < 1 and

|DB] is less than one. The coefficients agy can also be generated recursively (providing easier

computation):
2k —1 —1
Py(cos ) = < b > cos @Py_1(cos @) — <k7> Py, _5(cos ) (5.29)
IDC|\"* _ (IDC|\* (2k -1\ DC-DB (|DB]
(|DB| Prleos®) =\ \pp v ) ipBiDB| \|pC| ) Frmi(cost)
_(IDC\* (k-1
( DB : Py, _5(cos ) (5.30)

2k -1\ DC- DB k—1Y\ |DC|?
aok = ’ oBE "¢~ \ "5 ) [pBRYt-2) (5.31)

The power of this group of formulae is that R;;s can be calculated for the entire (0)(m)
using only one measurement that involves both shell-pairs (the distance DB). The other
information required (the distance DC and the fractional lengths y;) is all within the ket
shell-pair, and can therefore be constructed before pairing all shell-pairs, thus removing a
large fraction of the O(N?) work, at the cost of a little extra O(N) work. The general case

is now presented.

5.4 The Non-Concentric Case

Proceeding in a similar manner to the concentric case, the well-separated approximation

is invoked before developing a general formula for R;;:

Rij = ABz; + DCyj — DB (5.32)
R}, = |DB|* = 2AB - DBz; — 2DC - DBy; + |AB|*xz} + 2AB - DCxy; + |[DC|*y;  (5.33)
= |DBJ? — 2|AB||DB| cos 0,z; — 2|DC||DB| cos 0,y; + |AB|*z?

+ 2|AB||DC| cos ¢m;y; + | DC*y?; (5.34)
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Figure 5.2: The non-concentric case

therefore, the reciprocal of R;; is

L 2|AB| 050, 2|D0| o [AB? ,
R; |DB DB|" \DB|% “°" T \DB2 7
—1/2
|AB||DC]| |DC?
] k] i 8 )
i DB|DB[" cos ¢ + \DB|2Yi
1 _
= DB (1 — 2; cos O — 23; cos Oy + o + 20,3} cos ¢ + ﬁf) 2
where
|AB| B = |DC|
o — .
"= DB[™ 7= |DBY

which leads to:

Rz-j |DB| sz’”a B

kOkO

|DB| ZZ“’”‘”

k=0 k=0

_ (4B (1pely'
“ = \1DB] iDB|)

with

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

Like the three-center case, the d; are recursively related, but now there are two recurrence
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relations, one for increasing k, another for I:

2k+20—1 k+20—1 20 -1
dy = <T> cos omd(k—l)l — (T) d(k_g)z - (T) cos <}5d(k—1)(z—1)

+ dy1_) (5.41)
204+ 2k —1 [4+2k—1 2k —1
dy = (f) cos Oydy_1) — (f) dr-2) — ( ] ) o8 pd(_1)(1-1)
+ d(k—2)l- (5.42)

The dy; relations are easily converted to relations for the more convenient variable ay;. For

example, equation (5.41) can become
|AB|\* (|DC| ' g — (Fr2A=1 [AB[\*" ([DC|\' AB- DB |
DB DB|) “F T k |Dm |DB| DBz k-
_ (k+20-1)\ |ABJ]* (|AB] |DC| d _(21-1\ AB-DC
k \DB)2 \|DB| |DB|) "%t k |DB)2

|AB|\*" (|DC] Fw 4JDCF |AB|\* (|DC| Hw
DB DB k=100 T 1DBZ \|DB] DB k(i=2)

(5.43)
which leads to the recurrence relations
_ (2k+2l-1\ AB- DB k+20—1 |AB|2
Q] = L |DB|2 k: l)l k |DB|2 )l
21— 1\ AB-DC |DCP
- (%57) o e + ooy (o4
_(20+2k—-1\ DC- DB z+2k—1|DCF
Q] = I |DB|2 l 1) I |DB|2 l 2)
2k —1\ AB-DC |ABF
- ( I > |DB|2 O(k—1)(1— |DB|2 -2)I (5.45)

This general formula is more expensive than the concentric case, but it uses no extra shell-
pair information. Also (as a nice check) if AB = 0 the relation reduces to the concentric
case. The above recurrence relations can also be extended to deal with higher powers of R;;

(which are needed for higher momentum (0)(™)s). The argument below shows that only the

coefficients are changed:

(1 — 2a; cos O, — 23; cos 0, + o? + 20; 8 cos ¢ + BJ imm/2 Z del kﬂj (5.46)
k=0 =0
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am _ <2k—|—2l—|—m> cos@mdgm) B <k+2l+m> 4m)

i k—1)l 2 (k—2)1
_ (21 4]; m) cos ¢dgzljl)(l71) + d%[m (5.47)
dm = (21 + 2lk + m> Cosoyd%l” B (l + 21;: + m> d%lm
_ (2’“ + m) cos qsdgk’"_)l)(l_l) 1 dE’,j_)Q)l. (5.48)
For example, the first relation in the Ri_j3 expansion (m = 1) is
2k +2l+1\ AB-DB k+20+1\ |AB?
e ( k ) DBz ( k ) DB !
- (Ql; 1) Aéé?fa(k_n(z—n + %ak(l—%- (5.49)

5.5 Convergence Test

The resulting integral will only be accurate if the binomial expansion converges fast
enough. For the concentric case we have a rigorous error bound for the kth term. The error
introduced is of the order of the kth-plus-one term, where k is the number of terms in the
expansion. Increasing k£ will obviously increase the accuracy of an integral, allowing for more
of the shell-pair interactions to be calculated via this new method (provided that the two
shell-pairs are far enough apart that the point-charge approximation still holds). But this
will also increase the cost of a calculation. Using all terms up to, and including, ninth order

has been found to be a good compromise. This will give an error of

D
% = VErrorBound. (5.50)

For the non-concentric case, the rigorous error bound is too complex to use in a compu-

tation, so an error bound is estimated by

(5.51)

10
ErrorBound = (M) .

|DB]
Even if the shell-pair passes the above error-bound, |DB| must still be large enough for the
point charge approximation to be valid. This is solved with a final restriction, that |DB)|
must be greater than some distance, chosen with the most diffuse functions and the desired

accuracy in mind.
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5.6 Constructing Moments

It is now clear that (0)(’")5 can be calculated without the expensive Kp,qK et scaling.
‘Moments’ along the shell-pairs (the amplitude of the Gaussian multiplied by the fraction
along AB raised to each power up to the length of the expansion) need to be constructed.
These moments can then be paired together, along with appropriate coefficients for the power
of R;; to generate the (0)(). For higher momentum the moments need to be scaled by certain
exponents first.

The fraction along AB can be generated from the shell-pair data which store the expo-

nents of the constituent Gaussians (o and ().

Figure 5.3: The fraction along AB

oA +5B
= g (5.52)
— B +yBA (5.53)
yBA(a+ ) = a(A — B) (5.54)
«
V=1 (5.55)

Note that the fraction from B is calculated (not A). Allowing the moments to be calculated

via
2a a'+i 2ﬁp)bl _ /8 )
u; Z a,,+5 S [ B|A—B| (5.56)
p:
Kie
(274)° 1 (20)" —0 2
- C-D :
v; Z:j a T 30T —5IC-D| (5.57)

where ¢ and j vary from zero to nine. The implementation in Q-CHEM generates moments
only for the present class of integrals (those of the same momentum and contraction). This

saves memory as not all moments need to be stored and only those scalings required for the
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immediate class need to be included. The one down-side is that two sets of moments have

to be calculated.

5.7 Matrix Equations

The two sets of moments above form two vectors (each of length ten) for each (0)(™.
With these, and a matrix H, whose elements are the coefficients from the earlier expression

for R;;, we can form a much simpler matrix form for the (0)™s:

(m) (2m — )N ‘

a’b’p’(o)c’d’q’ = |DB|72m+1u Hv. (558)

Further efficiency is gained by forming Hv (which depends only on the ket and m) and
then contracting the product with the necessary u. The advantage of a matrix form is that
the (0)(™s can now be generated using BLAS-2 and BLAS-3 constructs, which are linear

algebra packages highly optimized for a variety of computer platforms.

5.8 General Algorithm

It is helpful to present the entire final algorithm. The six steps involved are:

1. Construct moments. Loop over all the shell-pairs, generating moments up to and
including ninth order, with a separate set for each type of scaling required for that

type of shell-pair. Note that this part of the algorithm is only O(N) in cost.

2. Convergence test. Loop over all kets for the present bra, finding for which shell-pairs
the expansion will converge, and construct lists of those that pass and fail. This section

(and those that follow) is O(N?).

AB-DB
DB-DB>

3. Find geometric parameters. Calculate the values of etc.

4. Form H from the recurrence relation. This is performed once per m value of the class.

There is a significant time saving if | AB|=0.

5. Form Hv. Required once per unique Hv product. Again there is a significant time

saving if |[AB|=0.

6. Generate all (0)(™)s, until a new Hv is required.
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5.9 Theoretical Performance Analysis

A common way to measure the performance of integral techniques is to count the number
of floating point operations (flops) required. Table 5.1 lists the flop count for each part of the
new algorithm. Only those flops in the O(N?) parts of the code are counted; for any large
molecule the rest are insignificant. It is also assumed that A # B and that the bra and ket

are far apart (again this is true for the majority of shell-quartets in any large system).

Table 5.1: Flop costs for each part of the (0)(™ construction

Task When Called Cost n = 10 cost
Geometric constants Once 33 33

Form H Once per m value 5n% —9n —4 4+ 2m 406 + 2m
Generate Hv For each unique Hv n? 100
Generate u'Hv For each unique (0)(™  2n + 2 22

Copy duplicate (0)™s For each duplicate 1 1

Note that most of the routines above have a cost depending on the length of the expansion,
n. Decreasing this length will mean fewer shell-quartets pass the convergence tests, forcing
more of the work to be done the traditional way. Thus there is a trade-off here and n = 10
has proven to be a good compromise.

Using the above table, and how often each routine is called, a cost per class can be
calculated. This cost is usually described in terms of the primitive, half-contracted and

contracted contributions,
Cost = zK* + yK? + z, (5.59)

where K is the degree of contraction of each of the four shells. Table 5.2 compares the
contraction-first method (CO) described above with the fastest operator-first method (OC)
of the COLD PRISM for the low momentum integrals.

In addition to the numbers presented in Table 5.2, the OC calculations require 1 square
root and 2 divides as z-type work and CO needs 1 square root and 1 divide as z-type work.
By making reasonable assumptions for the flop cost of these functions, the point at which
CO becomes faster than OC can be estimated. These cross-over points are listed in the final
column. The momentumless class shows the lowest CO/OC crossover. Here CO is faster

whenever K > 2, making the new path extremely useful. The CO costs do grow rather fast
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Table 5.2: Comparison of CO and OC flop counts

CO 0oC
Class z y z T Y z Ky CO win
(ss|ss) 0 0 561 8 0 0 12
(pslss) 0 0 1235 14 8 0 21
(ds|ss) 0 0 2121 22 24 0 31
(pplss) 0 0O 2189 22 30 0 31
(pslps) 0 0O 2368 26 28 0 32
(dplss) 0 0 3514 32 76 0 40
(dslps) 0 0 4019 2 76 0 41
(pplps) 0 0 4228 2 94 0 42
(dd|ss) 0 0 5554 4 176 0 48
(ds|ds) 0 O 7729 82 198 0 50
(dplps) 0 0O 7035 62 224 0 50
(dslpp) 0 0 8245 82 242 0 51
(oplpp) 0 0 9493 94 296 0 52
(dpldp) 0 0 32578 254 1482 0 63
(ddldd) 0 0 109201 586 5962 0 67

with momentum though, indicating that it will only rarely be required for classes with a
total momentum greater than 4. An exception may be calculations with transition metals
and heavy main-group elements, where highly contracted d functions are used.

While flop-counts are a good guide to the performance of an algorithm, they are not
the whole story. The number of memory operations, for example, is also an important
consideration. Use of the computer’s architecture is also relevant. For these reasons it is

always important to perform a timings analysis.

5.10 Empirical Performance Analysis

The CO path is designed for large systems. Therefore the test ‘molecule’ is Csz49 arranged
as a 4x85 rectangular lattice in which adjacent atoms are 1.25 A apart. The basis set used
is 6-31G*, which gives 5100 basis functions. The timings were carried out on an IBM model

43P Power PC workstation.
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Table 5.3 presents the timings data for a selection of typical classes that arise. The actual

timings are of little interest; instead, the ratios between the CO and OC times are presented.

Table 5.3: Timing ratios for the CO and OC Paths
Class  (Kpre, Kret) OC/CO Ratio

(ss]ss) (12,12) 2.83
(ss]ss) (6,6) 1.52
(ps|ss) (8,12) 2.48
(ps|ss) (8,6) 1.64
(pplss) (8,12) 2.26
(pplss) (8,6) 1.44
(ds|ss) (6,12) 2.07
(ds|ss) (6,6) 1.38
(dplss) (3,12) 1.07
(dp|ss) (3,6) 1.00
(dd|ss) (1,12) 1.00
(dd]ss) (1,6) 0.98
(ps|ps) (8,8) 2.03
(pplps) (8,8) 1.76
(pp|pp) (8,8) 1.76
(ds|ps) (6,8) 1.85
(ds|pp) (6,8) 1.08
(dplps) (3,8) 0.96
(ds|ds) (6,6) 1.01

The timings confirm most of the trends seen in the flop-counts. CO is obviously faster
for integrals of high contraction and low momentum. For (ss|ss) with Kp,q = Kger = 12
it is nearly three times faster. However, as the momentum increases and the contraction
decreases, the CO advantage diminishes, until, by (dd|ss) with Kp, = 1 and Kg¢ = 6,
CO is slightly slower. The timings overall show a slight improvement over that predicted by

flop-counts.
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5.11 Conclusion

This chapter presents a new path for the construction of (0)(’")5. By performing con-
traction earlier than was previously possible, large savings in time can be made for highly
contracted integrals. This has the effect of moving previously O(N?) work dependent on K
into an O(N) part of the code. The algorithm also uses the BLAS matrix algebra, adding to
the efficiency of the implementation. The CO path has been implemented in the Q-CHEM
program and shows a three-fold speed up for only moderately contracted (ss|ss) integrals.
However, the new algorithm shows a steeper increase in cost with momentum than the more

traditional methods, and is seldom faster when the total momentum is greater than four.



Chapter 6

The CASE Approximation

“The electrons on the nose of Professor Karplus do not interact with the electrons

on the nose of Professor Eyring” - Enrico Clementi [177]

6.1 Introduction to Linear Methods

As mentioned in the previous chapter, the calculation of the ERIs is the bottleneck
for modern day SCF calculations. The central problem is that, no matter how fast these
interactions are computed, there are still O(N?) Coulomb and Exchange interactions, which
grows just too fast for large molecules to be studied. It was shown in Chapter 2 that the
DFT exchange (and correlation) terms can be computed in O(N) work. Therefore O(N)
DFT calculations are possible if the Coulomb problem (to determine the Coulomb energy of

a system of N localized distributions of charge in O(N) work) can be solved.

6.1.1 The Fast Multipole Method

The breakthrough was made in 1985 when Greengard and Rokhlin [178-180] showed
how to compute the Coulomb energy of point charges in only linear work. Greengard’s
Fast Multipole Method (FMM) belongs to the family of algorithms called tree codes. Tree
codes [181] acquire their speed by transforming the information about a cluster of charge
into a simpler representation which is used to compute the influence of the cluster on objects
at large distances.

The Fast Multipole Method begins by scaling all particles into a box with coordinate
ranges [0...1,0...1,0...1] to ensure numerical stability of subsequent operations. The

parent box is then divided in half along each Cartesian axis. Each child box is then further
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subdivided, forming a ‘computational family tree’. The number of subdivisions is chosen so
that the number of particles in the lowest level boxes is approximately independent of the
number of particles (this is required to achieve linear scaling).

Each particle is then placed within a box on the lowest level of the tree. Any empty
boxes are removed to allow efficiency for inhomogeneous systems. The charges of particles
within each lowest level box are then expanded in multipoles about the center of its box.
The multipole expansion of each lowest level box is then translated to the center of its parent
box via one of three special FMM operators.

The second of the FMMs operators is used for each box to transform the multipole
expansions of all well-separated boxes (those that are not nearest neighbours) into Taylor
expansions about the center of the current box. However, only those multipole expansions
from boxes which are well-separated at the present level and not well-separated at the parent
level are interacted. The multipole expansions are also translated to Taylor expansions in the
parent box. This allows each transformation to be performed as high up the tree as possible.
In practice this pass is the bottleneck of the algorithm, yet, like all the other passes, it is
O(N).

The third pass transforms the parent Taylor expansions down the tree to the child boxes,
so that each low-level box contains the Taylor expansion representing all well-separated
particles. The fourth pass calculates the far-field potential for each particle via the Taylor
representation in the particles box. A final pass calculates the interactions between particles

that are not well-separated at any level in the tree.

6.1.2 The Continuous Fast Multipole Method

The FMM has subsequently been applied to problems in astrophysics, plasma physics,
molecular dynamics, fluid dynamics, partial differential equations and numerical complex
analysis. The FMM was generalized to handle continuous distributions (forming the Contin-
uous FMM, CFMM) in 1994 by White et al. [157,182] after making several improvements to
the original FMM [180, 183, 184]. The main change was the introduction of a well-separated
index, describing the distance required before interactions can be calculated via multipoles.
This index depends on the diffuseness of the charge distributions involved. Over the last few
years CFMM has become a very mature algorithm, and the Q-CHEM implementation is now

a highly optimized, efficient code.
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6.1.3 ONX: Order N Exchange

The first method to be able to calculate the Hartree-Fock exchange energy in only O(N)
work was developed by Schwegler and Challacombe in 1996 [185]. It can be shown that the
one particle density matrix pj(rq,ry) decays exponentially with |r; — ry| for one-dimensional
insulators [186]. A similar behaviour for three-dimensional insulators has also been spec-
ulated. Kohn [187] conjectured that, for disordered molecular systems, the density matrix

behaves as

p(ri,ry) ~ ef‘rlf"?'/l, (Jr1 — ro| = 00) (6.1)

where [ is a system-specific parameter. This fast decay should allow the long-range exchange
matrix elements to be screened out.

This screening had not been possible previously as the off-diagonal elements of the density
matrix were shown to decay only slowly. Schwegler and Challacombe have pointed out that
this slow decay is simply an artifact of the incomplete basis set. Thus, it was thought
reasonable to assume

// pab r17r2 7\r171‘2|/l drydrsy (62)

v — 1o
which, with the introduction of some thresholding criteria, leads to an O(N) algorithm for
computing the exchange matrix.
The ONX method is not without its problems however. Most importantly, it is only linear
for insulators. For non-insulators the computational time becomes the traditional O(N?).
The algorithm is also extremely expensive compared to the CFMM (which is calculating
the Coulomb matrix). This shows just how much harder an O(N) exchange algorithm is

compared to the Coulomb problem.

6.1.4 The KWIK Algorithm

While CFMM is a linear method, the authors consider it an expensive O(N) technique
and believe that there will someday be a faster method. In 1996 Dombroski et al. [188]
introduced the KWIK algorithm, which may become an alternative to the CFMM.

The KWIK algorithm begins by examining the Coulomb operator, which contains a
singularity at the origin and exhibits very slowly decaying long range behaviour. It was

thought that separating these two characteristics would allow easier approximation. Thus
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the separation into short- and long-range operators,

% fir) 41 _Tf(r) (6.3)

was introduced. The short-range operator should have only O(N) significant interactions.
The long-range operator is transformed into Fourier Space where it decays rapidly, and in-
teractions are calculated in O(NN) work via summation over Fourier coefficients and particles.

A separator function f(r), which produces a rapidly decaying short-range function and a
long-range function whose Fourier Transform decays rapidly (so that the summation required
converges quickly) is desired. Dombroski tried several forms for the separator function [189]
including exp(—wr), exp(—wr?), tanh(wr) and erfc(wr). The decay parameter w was intro-
duced so that the amount of short- to long-range work could be tuned. Of these functions
only erfc(wr) decays Gaussianly and has a Fourier transform which decays Gaussianly.

In an attempt to find a more appropriate separator function, Lee et al. [190] defined the
ultimate separator as the one which minimizes the decay in real and Fourier space. The solu-
tion is a rather complex function, expressed as either modified Bessel, Hermite or parabolic
cylinder functions. This function decays asymptotically as r—1/2 exp(—r2/2), slightly faster
than the Gaussian decay of erfc(wr). For practical reasons however, the erfc(wr) separator is
preferred over the Lee separator as the decay speed difference between the two is small and
the error function is far simpler to implement and optimize [191].

The KWIK algorithm has shown promising behaviour for point charges, yet the extension
to continuous charges is still under development. Problems exist in calculating the long range
energy accurately; however, it should be stressed that KWIK is still a young algorithm,

requiring much more research.

6.2 The CASE Approximation

Examining the KWIK erfc(wr)/r separator in figure 6.1 shows two distinctly contrasting
curves. The first is singular at the origin and decays very rapidly. The second, accounting for
the long-range behaviour of 1/r, is exceptionally smooth (that is, lacking in high-frequency
components) and finite at the origin. If the long range operator was a flat line it would have
no effect on the wavefunction, only altering the total energy. Given the flatness of the long-
range operator it is reasonable to assume that it is of less importance to the wavefunction

than the short-range function.
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Figure 6.1: Graphs of 1/r, erfc(r)/r and erf(r)/r

25 | —  1/r
— erfe(r)/r
1 erf(r)/r
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The CASE (Coulomb-Attenuated-Schrodinger-Equation) approximation is to take this
idea to its logical conclusion and completely neglect the long-range component. This seems a
drastic step to take, but it is not as preposterous as it may first appear. At worst it could be
viewed as a test for the short-sightedness of electrons [192]. The CASE results may be strictly
only applicable to a universe where the Coulomb operator decays rapidly, yet it is possible
that they could be a useful guide to chemistry. It is well-known to chemists that molecules are
essentially non-polar over large distance scales. Therefore it is not unreasonable to expect the
attractive (nuclear-electron) and repulsive (nuclear-nuclear and electron-electron) Coulomb
interactions between widely separated regions of a molecule to approximately cancel. What is
required, therefore, is a way of smoothly cutting off the long-range interaction — something
that the erfc(wr)/r function provides.

If the approximation proves to be a disaster all is not lost, as CASE can be employed as
a zeroth-order approximation upon which higher-order corrections can be constructed. The

value of CASE in its own right should be examined first, however.

6.3 The Hydrogen Atom

Whenever introducing a new approximation it is often useful to examine its performance

on the simplest model systems. Here the effect of CASE is investigated on the H atom, the
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attenuated Schrodinger equation for which is

2
%% %% Lfciw) U+ BV = 0. (6.4)
With w = 0 CASE becomes the traditional Schrédinger equation giving Ey = —1/2
hartrees and Wy(r) = \/7?71/ 2exp(—r). As w is increased the attractive nuclear-electron
contribution to the energy rapidly decreases and the total energy rises. The effect on the
wavefunction, however, is far less intuitive. A quantitative investigation of W is possible

through first-order perturbation theory.

The CASE energy and wavefunction can be expanded as

E=Ey+E +Ey+-- (6.5)
Tl = U2 + 303 + - (6.7)
where W3, W3, ... are the w = 0 excited-state wavefunctions. This allows the first-order

correction to be expressed as the expectation value of the long-range operator L (the ‘back-

ground’)
E = /qfomo (6.8)
_ /0 ” 47“Qexp(—7’)erf(rwr) exp(—r) dr (6.9)
_ 2 + (1 — 2w ?) exp(w?) erfc(w ™) (6.10)

wy\/m
and the coefficients of the first-order correction to the wavefunction for any w are given by
the w = 0 components

[Tl

=, 6.11
BBt (6.11)

Ck

The first-order energy Ey + Eq, along with the exact energy, which has been obtained
using the mathematics package Mathematica [193] by solving equation (6.4) numerically, are
listed in Table 6.1 for a selection of w values. The table shows that the energy does rise with
increasing w. What is more interesting, however, is the surprisingly close agreement between
the exact and first-order energies. This suggests that, at least for small w values, ¥y is an
excellent approximation to W, or conversely, that attenuation has only a small effect on the
wavefunction W. This is supported by the first two coefficients co and c3, presented in Table
6.1, being exceedingly small, indicating that the first-order correction to the wavefunction is

negligible.
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Table 6.1: CASE First-order perturbation theory on the H atom
w FE Ey+ E; ¢ C3

0 -0.500000  -0.500000 0 0

0.001 -0.498872 -0.498872 3x10~9 1x10~°
0.01  -0.488717 -0.488717 3x10~% 1x10~°
0.1 -0.388270 -0.388266 3x10% 1x10°3
0.2  -0.282838 -0.282631 2x10~% 6x10~3
0.5 -0.051071  -0.031011 1x10~! 5x1072

This simple example above does show that CASE chemistry is not the disaster that
might have been expected. A good wavefunction is produced, thanks to the smoothness
of the background. The large magnitude of the background does, however, produce large
effects on the total energy under attenuation. This is in contrast to variational calculations
which usually produce a good energy from a poor wavefunction. CASE is clearly not that
useful if total energies are the goal of a calculation, yet if relative energies are the goal, it is
conceivable that there may be a systematic cancellation of error and, by virtue of an accurate
wavefunction, relative energies could be largely unaffected by the neglect of the background.

This is investigated in the next section.

6.4 Molecular Results

The necessary integrals to perform CASE calculations have been coded into the PRISM
algorithm [176] of the Q-CHEM [125] program (see Chapter 7). In light on the results of the
previous section an attenuation parameter of w = 0.1q, ! is chosen.

To begin, the effect of CASE on the molecular orbitals of HyO is examined. The MP2/6-
31G* geometry is used. The HF/6-31G* calculations using w = 0 and w = 0.1 give total
energies of -76.00981 and -71.72696 respectively. Thus, as expected, there is a huge effect
on the total energy. The MO energies are presented in Figure 6.2. This figure reveals the
interesting effect that Coulomb attenuation raises the occupied MO energies, but has very
little effect on the unoccupied MOs.

The MO coefficients of the highest-occupied (HOMO) and lowest-unoccupied (LUMO)
molecular orbitals and their energies are listed in Table 6.2. These MOs typify the changes

found for all the molecular orbitals on introducing attenuation. It is clear that the wavefunc-
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Table 6.2: MO coefficients and energies for the HOMO and LUMO of H2O using HF /6-31G*

HOMO (B) LUMO (4;)

w=20 w=20.1 w=20 w=0.1
O (1s) 0 0 0.10002  0.09992
O (2s) 0 0 -0.05859  -0.05873
O (2ps) 0 0 0 0
O (2p,) 0.63998  0.63962 0 0
O (2p,) 0 0 -0.22243  -0.22247
O (3s) 0 0 -1.38818  -1.38818
O (3p2) 0 0 0 0
O (3py) 0.51110  0.51148 0 0
O (3p,) 0 0 -0.51217  -0.51233
O (3d.z) 0 0 0.05532  0.05519
O (3dyy) 0 0 0 0
O (3d,,) 0 0 0.07027  0.07016
O (3d,.) 0 0 0 0
O (3d,.) 0.03347  0.03334 0 0
O (3d..) 0 0 0.04191  0.04180
H; (1s) 0 0 0.05745  0.05744
H; (2s) 0 0 1.03009  1.02992
Hy (1s) 0 0 0.05745  0.05744
H, (2s) 0 0 1.03009  1.02992

MO energy -0.49736 -0.38174 +0.20821 +4-0.21353




1he CAdSLE Approximation

Figure 6.2: Molecular orbital energies (a.u.) for HoO using CASE HF/6-31G* (core MO not

shown)
4L

[\

tion is little effected by a small attenuation.

Given the very large changes to the total energies for the hydrogen atom and the water
molecule, it might seem unlikely that bond dissociation energies could be reproduced well.
To test this, the UHF /6-31G** potential curve of Hy was scanned with and without Coulomb
attenuation. The total energies are listed in Table 6.3. Despite the fact that the total energies
are 224 millihartrees higher than their w = 0 counterparts, the difference is so constant over a
wide range of bond distances that the spectroscopic parameters remain effectively unchanged.
For example the equilibrium bond distance, ., increases from 0.7326 to 0.7338 A, D, falls
from 354.1 to 353.5 kJ mol ! and v, falls from 4635 to 4616 cm~!. For this simple case at
least, the neglect of the background has meant no deterioration in bond dissociation.

With the realization that attenuation has little effect on the bonding of Hy the next step
is to test CASE on a range of more complicated electronic structures. Table 6.4 presents the
atomization energies for 32 first and second row molecules. Zero-point vibrational corrections
are not included. Again, the total energies are raised by large amounts. But there is almost
imperceptible movement in the relative (that is, atomization) energies which are typically
0-3 kJ mol L. The largest error in the set (6.4 kJ mol ') occurs for LiF where the attenuated
calculation fails to capture all of the Coulombic stabilization. This is the most ionic species
of the 32 molecules, so it is not surprising that CASE ‘fails’ here as the non-polar assumption

is least valid.
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Table 6.3: UHF/6-31G** energies (hartrees) of Hy as a function of bond length (A)
E(R) E(R) — E(o0)
R w=0 w=01 w=0 w=0.1

0.4 -0.93620 -0.71184 +0.06027 +0.06107

0.5 -1.06148 -0.83730 -0.06502  -0.06439
0.6 -1.11393 -0.88993 -0.11747  -0.11702
0.7 -1.13050 -0.90667 -0.13403  -0.13376
0.8 -1.12843 -0.90479 -0.13197  -0.13188
0.9 -1.11652 -0.89305 -0.12005  -0.12014
1.0 -1.09947 -0.87619 -0.10301  -0.10329
1.1 -1.07994 -0.85685 -0.08348  -0.08394
1.2 -1.05940 -0.83649 -0.06293  -0.06359
1.3 -1.04147 -0.81847 -0.04501  -0.04556
1.4 -1.02864 -0.80553 -0.03217  -0.03262
1.5 -1.01950 -0.79631 -0.02303  -0.02340
1.6 -1.01299 -0.78974 -0.01653  -0.01683
1.7 -1.00836 -0.78505 -0.01189  -0.01214
1.8 -1.00505 -0.78169 -0.00858  -0.00878
1.9 -1.00267 -0.77928 -0.00621  -0.00637
2.0 -1.00097 -0.77754 -0.00450  -0.00464

oo -0.99647 -0.77291 -0.00000  -0.00000
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Table 6.4: HF/6-31G* total energies (hartrees), atomization energies (kJ mol™' and MP2/6-

31G* correlation energies (millihartrees) of various molecules

Total Energy Atomiz. Energy Correlation Energy
Molecule w=0 w=0.1 w=0 w=0.1 w=20 w=0.1
Hy -1.12679 -0.90305 342.2 341.7 -17.4 -17.3
HyCCH, -78.03107  -72.85255 1775.9  1776.1 -263.2 -261.7
H,CO -113.86372  -107.21602 1056.7  1058.9 -311.2 -309.9
HoNNHs  -111.16800 -104.40912 1061.2  1062.4 -336.4 -335.2
H3;CCH;3 -79.22854  -73.82606 2303.7  2302.8 -275.4 -274.0
H3;COH -115.03419 -108.16217 1513.5  1513.7 -319.1 -318.0
HCCH -76.81560  -71.86094 1200.9  1201.9 -260.6 -258.9
HCN -92.87019  -87.23785 802.5 805.9 -296.8 -295.0
HCO -113.24518  -106.70926 740.8 743.0 -295.2 -293.9
HOOH -150.76012  -142.41897 514.0 516.4 -374.8 -373.7
Lip -14.86689  -13.52642 10.9 13.6 -20.0 -18.3
LiF -106.93418 -101.18581 361.9 355.4 -195.3 -194.9
LiH -7.98087 -7.19726 134.6 131.7 -15.6 -15.4
BeH -15.14731  -13.91139 215.6 211.2 -24.1 -23.9
CH -38.26485  -35.78739 225.1 225.3 -77.6 -T7.2
CHy('A;) -38.87219  -36.28291 511.6 511.7 -101.8 -101.4
CHy(®B;)  -38.92142  -36.33159 640.9 639.5 -86.0 -85.7
CH; -39.55892  -36.85718 1006.5  1004.8 -114.1 -113.6
CHy -40.19507  -37.38157 1368.6  1366.9 -142.0 -141.3
CN -92.17398  -86.65255 282.7 283.8 -220.8 -219.7
CO -112.73448 -106.31014 708.1 709.7 -293.7 -292.4
COq -187.62841 -177.14614 996.9  1002.0 -490.0 -487.9
No -108.93540 -102.62432 431.9 434.9 -326.2 -324.4
NH -54.95924  -51.69139 198.4 198.5 -102.2 -101.9
NH, -55.55731  -52.17765 460.5 460.5 -136.4 -136.0
NH; -56.18384  -52.69221 797.4 796.9 -173.5 -173.0
NO -129.24730 -122.03288 204.6 207.0 -317.2 -315.9

O2 -149.60681 -141.48969 102.3 105.8 -347.5 -346.2
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Table 6.4 (continued)

Total Energy Atomiz. Energy Correlation Energy
Molecule w=20 w=0.1 w=0 w=0.1 w=20 w=0.1
OH -75.38186  -71.21088 261.7 261.8 -141.3 -141.0
OH, -76.00981  -71.72696 602.3 602.2 -189.4 -189.0
Fq -198.67283 -188.52364 -149.9  -146.9 -366.0 -365.1
FH -100.00229  -94.81532 365.2 365.1 -181.9 -181.5

While CASE was designed with Hartree-Fock in mind, given the good cancellation of
error, it may be possible to obtain useful correlation energies with the CASE integrals. The
simplest correlation method to try this with is second-order Mgller-Plesset perturbation the-
ory (equation (1.75)). To investigate the effect of Coulomb attenuation on the integrals
required, orbital energies from an w = 0 Hartree-Fock calculation have been used. The
MP2/6-31G* correlation energy has then been calculated for each of the 32 molecules above,
and is presented in the last two columns of Table 6.4. The numerators of equation (1.75)
are the difference between two integrals which allows a cancellation of error, producing good
agreement with unattenuated calculations. The attenuated correlation calculations are sys-
tematically lower than traditional values, but the difference is only slight in all cases. It
seems that neglect of the background is of little importance in the calculation of correlation
energies.

With the use of localized orbitals [194] and a Laplace transform [195,196] to remove the
denominators of equation (1.75), the introduction of CASE here may provide a way to lower
the scaling of MP2; however, this has not been investigated here.

There are some properties for which the CASE approximation performs poorly, though.
The most severe failure is for atomic ionization energies, which are listed in Table 6.5. The
UHF/6-31G* ionization energies show a marked decrease with the introduction of attenu-
ation. The background is important here because, for the first time in this chapter, there
is a distant interaction that does not cancel — an electron is lost from the system, which
interacts with the cation that remains.

A simple estimate for this effect can be computed by calculating the effect of the first

correction for the background on ionization. Taking just the first term of the Taylor expansion
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Table 6.5: UHF/6-31G* total energies (hartrees) and ionization energies (eV)

Total Energy (atom) Total Energy (cation) Ionization Energy

Atom w=20 w=20.1 w=20 w=0.1 w=0 w=01 A

H -0.49823 -0.38645 -0.00000 -0.00000 13.56 10.52 3.04
He -2.85516 -2.51752 -1.99362 -1.76853 23.44 20.38 3.06
Li -7.43137 -6.76063 -7.235564 -6.67201 5.33 241 2.92
Be -14.56694  -13.44452 -14.27552  -13.26483 7.93 4.89 3.04
B -24.52204  -22.83410 -24.23406  -22.66026 7.84 4.73 3.11
C -37.68086  -35.31512 -37.28708  -35.03592 10.72 7.60 3.12
N -54.38544  -51.22933 -53.87220  -50.83083 13.97 10.84 3.12
0) -74.78393  -70.72469 -74.34264  -70.39817 12.01 12.46 3.13
F -99.36496  -94.28980 -98.79206  -93.83177 15.59 12.46 3.13
Ne -128.47441  -122.27059 -127.75171  -121.66270 19.67 16.54  3.12

to represent the background,

erfgwr) ~ 2—\/“% (6.12)

Then the effect of the background on the ionization energy is that of the departing electron

interacting (via the background operator) with the charge that remains:

2w
IL = <pcation|ﬁ|Pelectron> (6.13)
2w
= ﬁ(pcation|pelectr0n> (6.14)
2w
i 6.15
\/E’ ( )

which has a value of 3.12 eV for w = 0.1, in very good agreement with the values listed in
Table 6.5.
Note that this will not be the case for electron affinities, as the molecule that interacts

with the approaching electron is neutral, rather than charged.

6.5 Conclusions

This chapter presents an introduction to linear methods and the CASE approximation,

which neglects long-range Coulomb interactions by replacing the Coulomb operator with the
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erf(wr)/r function. This leaves only O(N) significant Coulomb interactions (how to calculate
these interactions in only O(N) work is covered in Chapter 7).

While Coulomb attenuation does have a major effect on the total energy of a system,
the wavefunction is largely unaffected. Most relative energies are also reproduced quite well,
as long as the number of particles is conserved in the reaction. Correlation energies, being
the difference between two integrals, are also largely unaffected, something which may allow
inexpensive correlation treatments in the future.

All of these properties can be ascribed to the blandness of the excluded background
term, giving it little chemical significance. As well as being computationally useful, the
CASE approximation is a comfortable idea for chemists as it affirms the well known idea
that the behaviour of an atom within a molecule is principally governed by its immediate

vicinity.



Chapter 7

Efficient Short-Range Integrals

“There is nothing so useless as doing efficiently that which should not be done at

all” - Drucker

7.1 Introduction

With the realization that CASE may be a useful theory the next task is to improve the
speed of CASE integral calculations. As mentioned in the previous chapter, by attenuation
of the Coulomb operator to erfc(wr)/r, the number of significant Coulomb interactions grows
as only O(N) (compared with the previous O(N?)) for a large enough system. The task of
finding which of the O(N?) integrals are significant still needs to be accomplished with an
algorithm that is itself, at most, O(N).

Before that is achieved the calculation of each single integral must be optimized. This
reduces to finding the most efficient way to build the (0)(™)s, as the various recurrence
relations described in Chapter 5 are the same for all two-electron integrals, regardless of
the operator used (to change an operator all that is required is to change the generation of
(0)(m)sg).

This chapter presents how to calculate the short-range energy as efficiently as possible.
It should also be pointed out that the work described in this chapter is not only useful for
CASE, but is essential for all calculations using the KWIK family of methods, as each one

requires the computation of some short-range elements.
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7.2 Integral Generation

Traditional ERIs require the evaluation of the integral

¢\ 2 1 RJ?
I (F) //e—cnae—nrz— 1 drydrs (7.1)

_ %;W /0 wsin(u)e™"*/*TS(u/R) du (7.2)

where (k) is the Fourier transform of the operator. In this case

4
(k) = = (7.3)
which, proceeding in the same way as section 5.2, leads to
. 1 1

Note that this is the same result as equation (5.14), as the error function and Gy(T) are

closely related:

Go(T) = % (75)

However the erfc(wr)/r operator requires the evaluation of

e\ *? _ezerfe(wriz) i, Rmp2
Toase = (21 et EALTI2) —nlra R gy, (7.6)
T 712
1 o0 2
- _ - : —u? /4T d
271'2R2/0 usin(u)e S(u/R) du (7.7)
with
4 k2 /d?
S(k) = 5 (l—e k2 /4 ) (7.8)

which produces, in effect, two integrals, one of which is the same as before

1 > —u? /4T R? > —u? /4T R? —R?/4u?w?
ICASE:W | usin(u)e 47rﬁdu— i usin(u)e 47rﬁe du

(7.9)

=R! {erf (R/ % + %) — erf <R/ % + % + é) } : (7.10)

Rearranging the above formula into a more computationally useful form gives

[O]E;Z)SE =U { (2U2)m+1/2 G (T) — (2U2)m+1/2 Gm(Tw)} , (7.11)

w

which is very similar to the traditional [0](™ formula of

00 = 7 (202)™ 7 G (T) (7.12)
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except for the addition of two new variables:

T, = v2 R? (7.13)
1 1 1

Thus, computation of a CASE integral is very similar to a traditional integral. All the
traditional work of before must still be done, and in addition, v, and T, must be formed and
the interpolation G,,(T,) must be calculated. Luckily, T and T, are always greater than

zero and, as w is real,

T, <T, (7.15)

This is useful as it means that the interpolation table built for G,,,(T) does not need to be
extended to include G, (T, ). With all of these features in mind it should not be surprising
if the computation of CASE integrals takes double the amount of time of the traditional
integrals. This is time that needs to be made up by the removal of insignificant integrals.
There is a difference between CASE and traditional methods, however, when the values
of T and T, become large. If T is large enough to use the classical multipole expression

mentioned in Chapter 5 (and T, is not large enough), ie:
Terit < T (7.16)

a computational saving can be made for one of the two parts of the CASE integral. However,

if
Terie <To (<T) (7.17)

then, applying the G,,(T) expansion for large T

_@2m-1N
to both parts of the integral yields
+1/2 +1/2
0.~ 77 (2m — D! (20%)™77 (202)" (7.19)
CASE ™~ om+1/2 Tm+1/2 Tm+1/2 )
w

m+1/2 m+1/2
— U(2m — 1! { (%) () } (7.20)

(U2R2)m+1/2 (UE,RQ)erl/Z

= 0. (7.21)
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Therefore the size of T\, is a convenient way to check the significance of a CASE integral.
All integrals for which Ty < T, do not need to be computed. The value of T,, cannot be
used to find the significant integrals unfortunately, as it requires the computation of R for
each integral, which is O(N?) work. Another way of screening out integrals is needed, and

this is the topic of the next section.

7.3 Boxing Scheme

There exist a number of O(N) algorithms for calculating the energy due to a sum of
pair-wise short-range interactions [197], all of which involve dividing the system into cubical
boxes (or some other space-filling shape [198]) and then interacting the contents of each box
with only those in neighbouring boxes. As the number of significant interactions per particle,
M becomes O(1) when M <« N, the algorithm scales as O(N). The algorithm used here
is the most common in the field — the standard linked-cell method [199]. The additional
complexity of alternative methods is unlikely to offer significant benefit, and the CFMM
implementation in the Q-CHEM program, which uses the linked-cell method, has already
been highly optimized.

The first step is to determine the number of boxes in each Cartesian direction. The
sidelength of each box is taken to be the minimum distance over which two point charges,

interacting via the CASE operator is negligible, that is, the value of z when

fi
erfe(wz) = Desired integral accuracy, (7.22)
x

which can easily be found (given w and the integral accuracy required) using the Newton-
Raphson method [200]. The number of boxes in a direction is then the length of the molecule
in that direction, divided by the sidelength.

Following the CFMM, each contracted shell-pair is assigned to a box. If the contracted
shell-pair contains primitives with centers in different boxes, then the contracted shell-pair
is split into two (or more) shell-pairs, one for each box that the original shell-pair centers
straddle.

The box size above is fine for point charges, but the CASE integrals deal with continuous
distributions, which can be much larger than the box itself. To solve this problem the
CFMM notion of a well-separated index (W.S) [157], which determines the distance above
which a distribution behaves like a point charge (to within the integral accuracy required) was

introduced. The Coulombic interaction between two spherical Gaussian charge distributions
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can be represented (using the notation of the previous section) as
. T 1
I=R "erf | R/ E—l—— . (7.23)
n

The erf factor rapidly approaches 1 as R grows, and the two distributions then interact as

classical point charges. Thus, the extent of a distribution is defined as

Text = \/?erf_l(l —€) (7.24)

where € is the desired precision. A Taylor expansion is made for erf, allowing the extent to

take the simple form
1 /2
Text = 5 Zln(e). (7.25)

In molecular calculations the charge is represented as a product of Gaussians, which
contain a prefactor U, dependent on the distance AB between the original shells. This can
be included in the definition of extent, allowing for shorter interaction distances. The extent

is thus given by

In(e) — AB2. (7.26)

NN

Text = 5
2

The WS index is then defined as

WS:2VT] (7.27)

where [ is the box size.

The boxes are then looped over, and every shell-pair of a box is interacted with the
contents of all boxes within the range W.S + 1 multiples of the box length. This is exactly
the same as the near-field part of the CFMM algorithm.

7.4 Integral Screening

The above boxing scheme is O(N), yet it is still inefficient. Figure 7.1 compares all those
interactions considered with those that are actually significant.

With an interaction distance of R (which is WS +1 for the above implementation) a shell-
pair in a box will interact with 26 neighbouring interaction-boxes and the current interaction-
box (where an interaction-box is defined as the cube of boxes with a total sidelength of

WS 4 1). Thus each shell-pair will interact with all others over a volume of 27R3. Yet



wiicient snort-mange 1ntegrais

Figure 7.1: The significant and computed interactions
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only those shell-pairs within a distance R of the current point need to be calculated. This
produces a sphere of volume %wR?’.

If the efficiency of a method is defined to be

_ Number of significant interactions

= 7.28
Number of interactions computed ’ (7.28)

then the efficiency of the algorithm described above is only 15%! (It should be noted that in
lower dimensions the efficiency is greater, 35% for 2D and 67% for 1D). This is an inherent
deficiency of the linked-cell method.

There are several ways that the linked-cell method can be improved. One way is to order
all particles by an increasing co-ordinate. Then, once the inter-shell-pair difference in this
coordinate becomes greater than the interaction distance, interactions can be ignored. This
requires sorting work and work to check the inter-shell-pair difference along this coordinate.
This dramatically increases the efficiency in lower dimensions (100% and 52% for 1D and 2D
respectively), but only yields a modest 23% efficiency for three-dimensional systems.

A second method is to change the basic cell structure. It has been suggested that the
rhombic dodecahedron and truncated octahedron be used to tessellate space [201]. This
allows a better approximation of a sphere than the cubes, but the cube is almost always used
due to its geometric simplicity.

A third technique for increasing the efficiency is to reduce the basic cell size, increasing
WS by a corresponding amount. This will allow better approximation of the sphere as the
outlying corners of the interaction cube can be completely neglected. The trouble with this

technique is that, in addition to a small amount of extra computational work, the vector loop
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lengths are drastically reduced.

A more useful compromise is to introduce a pre-screening routine. Just before looping
over all shell-pairs to be interacted with a given shell-pair, the T, values for all primitive
shell-quartets are calculated, and if all are greater than T,y the contracted shell-quartet
does not need to be included, and so is removed from the interaction list. Thus, after the
screening, only significant interactions will remain. This does introduce extra work (the
calculated T, values are not stored for the later integral calculation), but the possibility of

removing 85% of the integrals makes this well worthwhile.

7.5 Results and Discussion

Figure 7.2: number of significant ERIs as a function of w
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The first aspect to examine is just how many integrals Coulomb attenuation removes.
Figure 7.2 shows the number of significant integrals (defined here as greater than 107?) as a
function of w for a linear alkane (CgoHi22), a hydrogen terminated graphite sheet (CssHig)
and a hydrogen terminated diamond chunk (Cs35Hszg). The 6-31+G* basis is used in all
cases. The three molecules may be characterized as one-dimensional, two-dimensional and
three-dimensional, respectively.

Examination of the alkane curve shows that extremely small attenuation has no effect
on the number of integrals, but once attenuation starts to remove integrals, the removal of
integrals is very efficient and, beyond mild attenuation (w = 0.2 a; 1), most of the integrals
are insignificant. The graphene is more compact than the the alkane and, as a result, much

larger attenuation is required before the pruning begins to take effect. Once the pruning has
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begun, the curve shows a similar shape to the linear alkane, with a quite rapid removal of
integrals. By w = 1.0 a; ! only half of the original integrals remain. The effect of CASE on
this diamond chunk, however, is less spectacular. CssHgsg is very compact and a significant
reduction in the number of integrals does not begin until large w values. Once pruning of
integrals begins, though, a similar rapid decrease in the number of integrals is observed.
Clearly, the efficiency of CASE depends on the shape of the system, as well as the number

of atoms present.

Figure 7.3: Log-Log plot of significant ERIs against w
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The rate of decrease of the three systems is presented in Figure 7.3 through a log-log plot.
An integral accuracy of 107% has been used, with some slightly larger systems. The graph
shows that, once integral removal has begun, the three-dimensional system (CgsHgg) shows
a faster rate of decrease than the two- and one-dimensional systems. This is as expected, as
increasing w decreases the interaction distance, which, in a one-dimensional system, produces
a corresponding decrease in the number of integrals. However in a three-dimensional system,
the same decrease in interaction distance will remove the the number of integrals removed for
the one-dimensional system, raised to the third power, simply because there are now three
dimensions within which particles interact.

Figure 7.4 presents SGI Power-Challenge CPU times to calculate all the two-electron
integrals required for a HF/6-31G* Q-CHEM calculation on a series of linear alkanes, using
w = 0.25ay 1 and an integral cutoff of 1072, The solid black curve shows the quadratic
behaviour typical of the conventional O(N?) algorithm. Just above this lies the time for
a CASE calculation using the traditional algorithm, clearly showing the cost of an extra

interpolation. Included with these curves is the QCTC/ONX which shows an expensive
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Figure 7.4: HF/6-31G* timings of linear alkanes C,Hop 2 with w = 0.25

Time (s)
8000 |
6000 |
4000 |
QCTC/ONX
No Boxing or Screening
2000 | —— PRISM
—— Boxing Only
Screening Only
Boxing and Screening
= ‘ ‘ n

O(N?) behaviour (QCTC is a linear Coulomb method, similar to the CFMM). A direct
comparison with ONX can not really be made as the two algorithms use different integral
code and different screening strategies, yet the overall nature of the curve is still useful.
The poor performance of ONX is due to the high integral accuracy used. As shown later
in this section, ONX becomes more competitive at lower integral accuracy. The two near-
linear curves are for CASE using integral screening, and boxing with integral screening. The
remaining curve is for boxing only. The fluctuation of this final curve is due to the additional
computational overhead required when previously unsplit shell-pairs now cover two boxes,
forcing the shell-pairs to be split for no computational gain. It is perhaps surprising that
integral screening, although formally O(N?), performs better than boxing alone for these
systems. Yet the quadratic nature of this curve can just be seen, and screening will become
more expensive than boxing alone for extremely large systems. The fastest timings for large
systems are, not surprisingly, when both boxing and integral screening are used. It should
be noted though that there is a small window where screening alone is the fastest method.
Figure 7.5 shows the effect on CPU times of altering w for this same series of alkanes.
w = 0 is the traditional 1/r code, exhibiting the expected quadratic trait, while higher w

values all show a linear behaviour. Notice that the time gained by doubling w decreases as w
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Figure 7.5: HF/6-31G* CASE Boxing and Screening timings of linear alkanes C,,Hap 1o
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increases. For these systems there seems little to be gained by increasing w past 1.0 a, ! By
w=10a, ! the integrals that remain involve diffuse orbitals, requiring very large w values
(much larger than 2 aj 1) to render them insignificant.

The effect of changing the integral accuracy (significance level) on the time to calculate
the integrals for CsgHig2 is presented in Figure 7.6. The ratio of the conventional CPU time
to each method’s time reveals that all of these methods become relatively faster when the
integral threshold is lowered. This is due to the extra chance (at the shell-quartet level)
to screen out computational work based on the integral accuracy required. The greatest
increase is seen for ONX, yet with these high accuracy computations it is still poor.

Boxing and screening behave in similar ways with changes to the basis set. Figure 7.7
shows the the ratio of CPU times for the new CASE implementations with that of the
traditional algorithm. The more uncontracted the basis set, the faster the method relative
to the unattenuated calculation. This is a reflection of the time taken to test each primitive
shell-pair for its T,, value. If a shell-pair has only a small degree of contraction, the amount
of testing required is small. ONX shows a similar type of behaviour, which may just be
a product of the different integral technology, as well as a significant slow-down with the

addition of d functions, which is consistent with a delocalization of charge removing the
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Figure 7.6: Ratio of PRISM time to Method time for Cs9Hyg2 at various integral thresholds
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Figure 7.7: Ratio of PRISM time to method time for CsoHi9o with various basis sets
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benefits of density screening.

Figure 7.8: HF/6-31G* timings for graphite and diamond chunks with w = 0.5 ag"
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The performance of CASE on two- and three-dimensional systems can be seen in Figure
7.8. The black curve is the timings for the traditional PRISM method on a series of graphite
sheets. Below this curve lie the boxing with screening and screening only curves. These
CASE curves show linear behaviour, but are not as efficient as those for the linear alkanes.
The CASE timings for the diamond chunks however are disappointing. It is only for CgsHgy
that CASE is faster, and this is just the screening, without boxing. The answer for the poor
performance lies in the physical size of the system. The largest three-dimensional structure
included (CgqHgy) is only 23 ag long on its largest side, compared with 36 ag for the largest

graphite sheet used (CogHa4) and 195 ap for the largest linear alkane (CgoHigz).

7.6 Concluding Remarks

This chapter has presented an efficient way to calculate the short-range Coulomb energy.
This is the first O(N) implementation of the CASE approximation, allowing very fast compu-
tation of CASE energies for large systems. This has been achieved through the introduction
of boxing code, similar to that of the CFMM. A further speed-up has been achieved by in-
troducing a screening for significant integrals. The increase in speed is heavily dependent on
the shape of the system. For modest w values, CASE represents a useful increase in speed

even for moderately-sized systems (eg: CsoHigz).
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The efficient implementation of the short-range integral code is crucial for the success of
KWIK and other methods which can be viewed as providing corrections for the neglected
part of CASE theory. These corrections will allow much larger values for w thus enabling

the CASE code to run even faster.



Chapter 8

Coulomb-Attenuated Exchange

Energy Density Functionals!

8.1 Introduction

The CASE approximation presented in the previous two chapters was introduced to
overcome the two-electron bottleneck in Hartree-Fock theory. However DFT also suffers
from this bottleneck and so CASE DFT will also be useful. The attenuation must be done
in a consistent manner, though. The Coulomb, exchange and correlation energies all stem
from the Coulomb operator in the Schodinger equation and so must all be attenuated in a
systematic way.

In HF theory this balance is achieved automatically as these three energies are calculated
via the two-electron integrals. In DF'T the exchange and correlation energies are determined
via density functionals. Consequently, in order to perform CASE DFT calculations, appro-
priately Coulomb-attenuated density functionals need to be found.

Following the derivation of the exchange energy in Chapter 6 of Parr and Yang [83],
the Coulomb-attenuated exchange energy may be written in terms of the first-order spinless

density matrix

1 erfc(wr
K(w) = Z // %|p1(r1,r2)|2 drldrg (8]_)

- /0 "~ serfo(ws) / Ipi (x, 5)[2 drds (8.2)

'The work described in this chapter has been carried out in collaboration with Prof. John Pople
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where the co-ordinates
1
r= §(r1 +r9) S=r; — Iy (8.3)

have been introduced.

8.2 Coulomb-Attenuated Dirac Exchange Functional

As mentioned in section 2.6, the Dirac exchange functional is derived from the uniform
electron gas. Again following Parr and Yang, the orbitals of the UEG can be represented as

plane waves, giving the first-order spinless density matrix

p1(r,5) = 3p(2) [%] (8.4

where
t=kp(r)s (8.5)
kie(r) = [3n2p(r)]*. (8.6)

Substitution of the UEG density matrix into equation (8.1) provides a formula for the atten-

uated exchange energy of the uniform electron gas:

KESDA() = Z (§>1/3/p4/3(r) /Ooo erfc( w ) Asint —teost)” 0. (8.7)

s kF(I') t5

Performing the integration over ¢ (by parts) gives the spin-compensated exchange functional

KLSDA () = Z <%>1/3/p4/3(r)F (%) dr (8.8)

with the function

FA)=1- ? [Qﬁerf G) —3AF A4 (2A = A3 exp (‘—3)] (8.9)

which is plotted in Figure 8.1.
The spin-polarized exchange functional can easily be derived from the spin-compensated

version, and is given by

KLSPA(y) = % (%)1/3 / 3 (x) F (%) dr. (8.10)

The above formula and its derivative with respect to p have been implemented into the

Q-CHEM program, allowing the self-consistent energy can be obtained.
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Figure 8.1: Function F'()\) as defined by equation (8.9)
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By expanding the erfc function of equation (8.7) as a Taylor series in w about w = 0 and

integrating term by term produces the small-w expansion

rspA; ., S (6 1/3/ 4/3 _ wN,
K (w)N4 - p,/°(r)dr NG +... (8.11)

where N, is the number of electrons of that spin. This also confirms that the attenuated

function reduces to the Dirac functional in the limit w — 0. The large-w expansion is
T 65/377/3
REPM@) 57 [ oty de = ST [ e (8.12)

Note that the leading term here involves the integral of p?, instead of the traditional p*/3.

8.3 Coulomb-Attenuated Exact Exchange Functional

Berkowitz [202] has shown that the density matrix for any homogeneous system can be

expanded as

2 s°

(e, 5) = p(r) — [Ap(x)(x) — plr) V2p()] 5 + . (8.13)

where 7 is a generated from the molecular spin orbitals y;(r),

occ

T(r) = Y |Vxilr) (8.14)

)
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Substituting this density matrix into equation (8.1) yields an expansion for the spin-polarized
exact exchange functional

™

~ ]2 __mT 2
K, (w) =~ 5.7 /pg(r) dr 3201 /[4pg7},+ |Vos|“]dr + ... (8.15)

Because of the 7 term this is not a density functional in the purest sense, however, density
functionals containing 7(r) are becoming more popular, for example a recent functional
proposed by Becke [203].

Perhaps the most surprising thing to note about this new functional is that the leading
term is the same as that for the large-w expansion of the attenuated Dirac functional. Thus
the LSDA exchange approximation becomes exact when the Coulomb operator is strongly
attenuated — even for highly inhomogeneous systems. This is a reflection of the fact that
for extremely strong attenuation the short-sightedness of the Coulomb operator allows the
density to appear roughly constant.

A further interesting point about this new functional and the large-w expansion of the
attenuated Dirac functional is that the leading term only involves integrals of p?. This is
very significant computationally because, if a Gaussian basis set is used, the integral can be
evaluated analytically, without resorting to the numerical quadrature that is required for the

/3. Furthermore, all the terms of the exact expansion involve powers of

more traditional p
the density that can be computed analytically. It should be noted that this is not the case

for the Dirac exchange expressions of the previous section.

8.4 The Hydrogen Atom

The simplicity of the H atom allows its exchange energy to be written in closed form,
making it the ideal model to examine the performance of the two new attenuated functionals.

The exact H atom density is

6721"
p(r) = : (8.16)
™
Substituting this into the exact exchange energy,
1 erfc(wr
K(w) = > // P(ﬁ)%ﬂ(m)dhdrz (8.17)

and integrating out ry and ry gives

K=o (23 b 0 Mo (e (L) (2o Ly L)L
Y716 \16 8w? 4wt 6ws) TP \W2 ) TN\ w 8w 3w | 6w ) U1
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Figure 8.2: The Coulomb-attenuated exact and Dirac exchange energies for the H atom
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This is the upper curve of Figure 8.2. As would be expected, the energy decays from
the unattenuated value of 5/16 with increasing attenuation. The Coulomb-attenuated Dirac
exchange energy has also been calculated via equation (8.10) and using Mathematica [193]
to perform the r integration numerically. This is the lower curve of Figure 8.2, which, like
the exact functional, decays from its w = 0 value of 0.2680, agreeing with the rule of thumb
that the Dirac functional underestimates exchange energies by roughly 10%. The two curves
approach each other very rapidly, suggesting that the leading terms of the large-w expansion

are particularly important. This can be seen by examining the two series with the H atom

density
1 1
KESDA - 8.19
" 1602 35.60801 (8.19)
1 1
Kym— — ——— ... 8.20
H™ 1602 3208 (8.20)

confirming that the LSDA is a surprisingly good exchange approximation for this highly

inhomogeneous system, even for rather modest values of w.
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8.5 Conclusion

The extension of CASE to density functional theory has been presented with the intro-
duction of two attenuated density functionals. By following the original derivation of the
Dirac exchange functional, except with the CASE operator, an attenuated LSDA exchange
functional has been found.

When the Coulomb-attenuated exact and Dirac exchange functionals are expressed as
asymptotic series in w, the leading terms are identical, showing that the LSDA exchange
functional becomes exact in the high attenuation limit. Finally, if a Gaussian basis is used,

the terms of the exact expansion can be evaluated without resorting to quadrature on a grid.



Chapter 9

A Family of Attenuated Coulomb

Operators

“There are many ways of going forward, but only one way of standing still.” -

Franklin D. Roosevelt

9.1 Introduction

Chapter 6 introduced the attenuated Coulomb operator and showed that, for some molec-

ular properties it performs quite well. There are properties, though, for which the approx-

imation is poor (for example, ionization potentials). The obvious way to improve results

is to move the CASE operator closer to the Coulomb operator, by decreasing w. There are

other, perhaps more efficient, ways to remove at least part of the neglected background. This

chapter presents a second way of moving towards 1/r, forming the CASE(m) approximation,

which corrects for the neglected background by approximating it as a sum of Gaussians.

These new terms are included in the short-range operator.

9.2 The CASE(m) Approximation

The Taylor expansion about = 0 of the background is

erf(wr) 2w < wir? Wit W6 )

“sutsa Tt

r T
which is very similar to that of a sum of Gaussians

m amjw?aZ, r?  apiwtal rt amjwtal rb

m
Zamj exp(—wQa?anQ) - Z 1= 1! —+ 21 —- 31 :
P P ! ! !

+... (9.2)



A ramily ot Attenuated Coulomb Uperators 114

Equating the coefficients of the powers of r leads to a system of equations in a,,; and a,;.
The solution of these equations will yield a sum of Gaussians which reproduce the first 4m—2

derivatives of the background at r = 0 for the operator:

S(r) = erfc(wr) 2w mi . 9 9 9 93
r)—T—i—\/—%jZlamjexp(—wamjr). (9.3)
The solutions up to and including three Gaussians are listed in Table 9.1. It should be noted
that CASE(0) is the original erfc(wr)/r, and that the remaining neglected term still has a
Fourier term that decays as fast as a Gaussian.

The half integer values represent the inclusion of a constant, that is, a Gaussian with
zero exponent. This will not alter the wavefunctions produced by the new operator, but it
will reduce the magnitude of the background near the origin, thus improving accuracy in
calculations where the total charge is not preserved. As can be seen in the following section,

the addition of a constant to the operator introduces negligible extra work.

Figure 9.1: The first six CASE(m) approximations with w =1
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The first few CASE(m) approximations are illustrated in Figure 9.1. The simplest op-
erator, CASE(0), is not equal to 1/r at any point. The addition of a constant produces
CASE(1/2), which is correct at the origin, but overshoots thereafter. As m increases, the

resulting CASE(m) remain faithful to the 1/r curve for longer before decaying to zero (when



A FPamily or Attenuated Coulomb Uperators

119

Table 9.1: CASE(m) an,j and ay,j for m <4

m

Exponent, a,;

Amplitude, a,;

1
2

1

N[ =

N[ =

N[ =

0

0.577350269189626

0
0.774596669241483

0.339981043584856
0.861136311594053

0
0.538469310105683
0.906179845938664

0.238619186083197
0.661209386466265
0.932469514203152

0
0.405845151377397
0.741531185599394
0.949107912342759

0.183434642495650
0.525532409916329
0.796666477413627
0.960289856497536

1.000000000000000

1.000000000000000

0.444444444444444
0.555555555555555

0.652145154862546
0.347854845137454

0.284444444444444
0.478628670499366
0.236926885056189

0.467913934572691
0.360761573048139
0.171324492379170

0.208979591836735

0.381830050505119

0.279705391489277
0.129484966168870

0.362683783378362
0.313706645877887
0.222381034453374
0.101228536290376
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m is integer) or a constant (half-integer m). Thus, the integer approximations are lower
bounds to 1/r, while the half-integer approximations are upper bounds to 1/r. It should
also be noted that the higher m values produce operators that decay to an insignificant value

much more slowly, requiring the calculation of further integrals.

9.3 Addition Integrals

The introduction of these new terms to the operator necessitates the calculation of new
integrals. Firstly, the constant is not treated as a Gaussian with zero exponent as above. It
is more efficient to treat this as a correction to the various energy matrices.

The nuclear-nuclear correction is computationally trivial. It is computed as a double sum

over the nuclei

2wam;

BN = Za Zp (9.4)
VT
with Z4 and Zp representing the nuclear charges.
For the Coulomb matrix, the correction is
Jconst _ P 2wamj drid 9.5
st =N " Py [ | bulr1)du(r) I Pa(r2)do(r2) dridrs (9.5)
Ao
2Wam;
= \/E g P/\US/WS/\U (9'6)
2 N,
_ 2wam;j Nelec Sy (9.7)

NG
where Ngje. is the number of electrons. Thus the correction is simply the addition of a scaled
overlap matrix to the Coulomb matrix. This is formally O(N?) as there are N? elements of
these matrices. However this is extremely fast O(N?) work and will not be noticed for even
the largest systems currently studied. If the quadratic cost becomes a problem in the future,
advantage can be made of the sparsity of S to determine the correction in linear work.
A similar addition to the Hamiltonian matrix is required, correcting for the change in the

nuclear-electron attraction energy. The correction is

2wam; Z

N

where Z is the total nuclear charge. As would be expected, the nuclear-electron correction

HE™ = Sy 9.8)

has the same scaling as the Coulomb correction.



A ramily ot Attenuated Coulomb Uperators 117

The exchange matrix correction is

Kiz™ = 32 Pao [ [ 9ue0n ) 27200 12) () v (9.9
Ao
_ 2wap;
-7 gpmswsw (9.10)
_ 2mjgpg (9.11)

NG

Matrix multiplication is formally O(N?3) — there are N? elements to calculate, each requiring
N multiply-adds. Although, again this extremely fast work, and will not be noticed for any
systems currently calculable. If it does become a problem in the future, sparsity of S can
reduce this to O(N?). Then, if the system is an insulator, P will be sparse, allowing linear
computation.

In order to add a constant to the Dirac DFT energy, the effect of a constant on the
exchange energy of the uniform electron gas must be calculated. Beginning with equation

(8.1) with the new operator and proceeding as before

1 erfc(wriz) = 2wap; )
“ K 12
(W) 4 // ( 19 + ﬁ |101 (rla I'2)| drldI‘Q (9 )

= 97r/p2(r)dr [/OO erfc (w_t> (Sint_tCOSt)thJr 2wamj [ (Sint—tCOSt)zdt .
0

kr k2.t5 VT Jo k3t
(9.13)
The first term is the same as before, so continuing with only the second term gives
2wam; ™
t 2 mj
K (w)®" = 97r/p (r) NG @ r (9.14)
= Yimg p(r) dr (9.15)

=
The Gaussian terms are again trivial for the nuclear-nuclear term. For nuclear attraction,
Coulomb and Hartree-Fock exchange terms, new two-electron integrals must be calculated.

Proceeding as before, the ERI can be represented as

1

loase = 3o

/wusin(u)e_“2/4T§(u/R) du, (9.16)
0

where the Fourier transform (of exp(—a?w?r?) ) required is

,ﬂ_?)/Z67162/4(1%12

I(k) = (9.17)

adws

which leads to

1 R 1 1
ICASE = m/o usm(u) exp |:—u2 (ﬁ + m)] du, (918)
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yielding

02\ o (1 1
IC’ASE = m exp —R / ﬁ + m . (919)

Thus the additional integrals are not as complex as those for CASE(0) allowing much faster
computation. So, although there are more integrals to calculate, they are of a more efficient
type and hence there is a trade-off.

As before, the effect of the additional terms in the operator on the Dirac functional must

be determined. Beginning with the now familiar exchange energy functional

: 1
K (w)?4it = 1 //ae‘o‘%ﬂRQ|P1(I"1,1‘2)|2 drydrs (9-20)

and substituting in the UEG density-matrix yields

; 2 ayaape (sint — tcost)?
K(w)addt—gw/ ()dr/ ae /3Ry ) dt (9.21)

2[ (%Z ) dr. (9.22)

9.4 Results

9.4.1 The Hydrogen Atom

As with the previous chapters, the accuracy of these new operators is first examined on
a simple model system, the H atom. The total energy of the hydrogen atom is equal to its
ionization energy, the worst property of those examined in Chapter 6. Thus the total energy

is a good test for these new operators. Using the exact density the energy of the ground

state is
m+1/2 _9
-1 Cred —p 1 _op erfc(wr) 2wam; w22 €
E_ﬂ e "V<e dr—;/e Tdr—i— ]21 NG e mi Tdr (9.23)
-1 2 2
=5 + W, — (E — 1) exp (—w_2) erfc (w_l)
m+1/2 9
am] ( -2 72> ( -1 71>
_ 1 . fi : .

wQ E [\/_wamj <w2043nj + )exp QW erfe { o ;w

(9.24)

The CASE(m) errors for the H atom are listed in Table 9.2 for a variety of m and w
values. As expected, CASE(0) produces poor total energies for all of the w values listed. The

most surprising feature, however, is the dramatic improvement with CASE(1/2), simply a
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Table 9.2: CASE(m) - Exact energies for the ground state of the H atom
m w=0.5 w=0.4 w=20.3 w=0.2 w=0.1

0 0.468989  0.396675  0.312866  0.217369  0.111734
1/2 -0.095201 -0.054677 -0.025648 -0.008307 -0.001104
1 0.013634  0.005886  0.001803  0.000295  0.000011
3/2 -0.002336 -0.000744 -0.000148 -0.000012 -0.000000
2 0.000429  0.000103  0.000014  0.000001  0.000000
5/2 -0.000086 -0.000016 -0.000001 -0.000000 -0.000000
3 0.000018  0.000003  0.000000  0.000000  0.000000
7/2 -0.000004 -0.000000 -0.000000 -0.000000 -0.000000

constant added to the operator. CASE(1/2) systematically overestimates the total energy
(as would be expected from a comparison with the Coulomb operator), but the error is now
as much as two orders of magnitude smaller than CASE(0).

As m increases further the errors continue to fall, providing accurate results, especially
when w is small. Because the hydrogen atom involves only a single Coulomb potential and
CASE(integer m) bounds 1/r below and CASE(half-integer m) bounds 1/r above, the errors
are consistently positive and negative respectively. Significantly, CASE(m + 1/2) yields
smaller errors than CASE(m) which is important as, computationally, they are virtually

identical.

9.4.2 Madelung Constant of NaCl

All the results for the CASE approximation presented so far are for small molecules. It
can be argued that, because these systems lack significant long-range effects, they are not
very demanding tests of an operator which neglects long-range terms. As a more demanding
test of the approximation, CASE(m) has been used to find the Madelung constant (the
potential of an ion in the field of all others) of NaCl with a lattice spacing of 5.33 au.
This is a harsher test as the system involved is of infinite size and the property sought
includes very long-range contributions. The exact value [204] of 0.327873 can not be found
by straightforward summation as the convergence is too slow. However the rapid decay of
the CASE(m) operators produces rapidly converging sums. The deviations from the exact

result for a variety of m and w values are presented in Table 9.3.
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Table 9.3: CASE(m) - Exact values for the Madelung constant of NaCl
m w=0.5 w=0.4 w=20.3 w=0.2 w=0.1

0 -0.327689 -0.325013 -0.303278 -0.224731 -0.112838
1/2  0.236501  0.126338  0.035236  0.000944  0.000000
1 -0.066350  0.044884  0.031996  0.000944  0.000000
3/2 -0.051156 -0.038349 -0.000148  0.000753  0.000000
2 0.043585 -0.000494 -0.005272  0.000252  0.000000
5/2 -0.006689  0.010898  0.000139 -0.000004  0.000000
3 -0.012523 -0.004867  0.001190 -0.000037  0.000000
7/2  0.011127 -0.000771 -0.000313 -0.000006  0.000000

Again the CASE(0) estimates are poor. However, as for the hydrogen atom, the errors
are markedly smaller for the higher CASE(m) approximations, especially when w is small.
The Madelung constant results from large positive and negative Coulomb interactions, and
therefore it should not be surprising that patterns are less obvious here. One pattern that
does emerge is that the error is closely linked to the rate of decay of the operator. Those
operators which decay to insignificance the slowest are the most accurate. This is an expected,
though not entirely useful, property as the speed of the method is directly linked to the decay
speed. The other pattern to note is that the half-integer approximations are more accurate

than the integer values, yet they are equally demanding computationally.

9.5 Conclusions

This chapter has presented a second way to extend the CASE operator towards the
Coulomb operator. By the addition of Gaussian terms to the short-range operator the ne-
glected background can be corrected for. The Gaussian exponents and amplitudes are chosen
to match as many derivatives as possible of the background at » = 0. The accuracy of the
resulting operators is closely linked to the overall decay speed of the operator. So, while
the Gaussian corrections are not extremely useful from an accuracy perspective, they may
provide a useful way to share the short- and long-range work in KWIK theories, which use
CASE as the short-range operator.

The addition of a constant, correcting for the magnitude of the background at r = 0, is

surprisingly useful. Total energies are now overestimated, but are more accurate than before.
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This does cause some new problems, however. With the half-integer approximations, two in-
finitely separated charged moieties have a non-zero interaction energy, thus the operators can
behave in a non-physical manner. The effect of CASE(0) and CASE(1/2) will be examined
in the following chapter.



Chapter 10

Effects of Coulomb Attenuation on

Chemical Properties

“After having spent years trying to be accurate, we must spend as many more in

discovering when and how to be inaccurate.” - Ambrose Bierce

10.1 Introduction

The various CASE approximations have been presented in the previous chapters. The
one thing that each of these chapters lacks, however, is an examination of the performance
of the approximations on a variety of chemical properties. It is useful to have an idea of
the maximum value of w permissible for each property under investigation, remembering
that the larger w, the faster the calculation. This chapter investigates the performance of
CASE on a selection of chemical properties, so that sensible choices for w can be made. This
will also be useful if, in the future, a correction for the background is calculated via the
long-range operator, as there is the opportunity to implement background corrections only

approximately, depending on the accuracy required for that property.

10.2 Wavefunctions

The effect of CASE on the wavefunction can be seen from the density matrix. Table 6.2
presented two typical molecular orbitals. From this it can be seen that any changes that
do occur, seem to occur in a reasonably uniform manner. Thus, an averaging of the error

across the wavefunction does not remove too much information. The RMS error from each
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element of the density matrix, computed for a variety of molecules and w values, is listed in
Table 10.1. The STO-3G basis has been used throughout. To use a larger basis would allow
a small degree of linear dependence, thus providing flexibility in the density matrix where

two apparently different density matrices could be represented by the same wavefunction.

Table 10.1: RMS Errors in the density matrix for a variety of molecules and w values
Molecule w=00 w=010 w=015 w=020 w=030 w=040 w=0.50

Hy 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
CN™ 0.000031 0.000215 0.000576 0.000993 0.001501 0.002691 0.005751
AlF; 0.000023 0.000138 0.000350 0.000782 0.002521 0.004343 0.006320
CyCL 0.000024 0.000243 0.001038 0.002433 0.005276 0.006392 0.006361
SiCly 0.000022  0.000201 0.001098 0.002898 0.006857 0.008314 0.007576
ATP 0.008373 0.010556 0.000950 0.003840 0.011166 0.012931 0.013982
L-glycerate ~ 0.000060 0.000314 0.000722 0.001520 0.004601 0.008989 0.014194
SO2 0.000038 0.000275 0.000866 0.001997 0.006242 0.012074 0.017615
CH3COCl 0.000030  0.000218 0.000777 0.001953 0.006003 0.011341 0.017623
CesHg 0.000016 0.000192 0.000865 0.002227 0.006586 0.012261 0.018706
C4Hyo 0.000016 0.000177 0.000751 0.001914 0.006135 0.012501 0.020285
CH3CONH; 0.000028 0.000221 0.000790 0.001984 0.006411 0.012805 0.020515
C4Hg 0.000032  0.000266 0.000958 0.002259 0.006663 0.013097 0.020816
HCOOCH;3  0.000023 0.000203 0.000779 0.001989 0.006445 0.013063 0.021186
CsHg 0.000017 0.000183 0.000827 0.002229 0.007176 0.013858 0.021208
CH3SCH3 0.000020 0.000182 0.000784 0.002156 0.007461 0.015258 0.024595
CoHg 0.000016 0.000142 0.000599 0.001705 0.006591 0.014841 0.025518
SioHg 0.000021  0.000172 0.000821 0.002355 0.008052 0.016427 0.026246
OHy 0.000014 0.000116 0.000427 0.001137 0.004808 0.013201 0.027606
CHy 0.000012 0.000102 0.000422 0.001252 0.005677 0.014865 0.028510
NH; 0.000021  0.000169 0.000594 0.001505 0.005894 0.015187 0.029924
SiHZ 0.000037 0.000315 0.001163 0.002960 0.010285 0.021994 0.035606
SiH3 0.000036 0.000174 0.000784 0.002348 0.009934 0.023161 0.038816

CASE(1/2) values are not listed as this operator differs from CASE(0) by only a constant,
thus CASE(1/2) wavefunctions are exactly the same as CASE(0).
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As could be expected, the smallest w value produces the best wavefunction, and very
large w values produce effectively unusable wavefunctions. An w value of around 0.15 ay !
seems optimal, as this generally produces a density matrix whose elements are correct to
three decimal places. The energy of a traditional calculation using such a matrix will be of

approximately microhartree accuracy.

10.3 Chemical Energetics

The effect of the CASE approximation on the properties of the large G2 set [205] has
been examined. The large G2 set consists of the original set mentioned earlier, supplemented

by 93 atomization energies. The results for a variety of w values are listed in Table 10.2.

Table 10.2: HF/6-31+G* RMS Errors (kJ/mol) for the properties of the large G2 set using
CASE(0) and CASE(1/2)
Property w=00 w=010 w=015 w=020 w=030 w=040 w=0.50

CASE(0)
Atomiz. E. 0.58 9.69 44.82 107.63 251.30 360.02 485.67
Toniz. P. 149.46  305.62  470.02  637.60  944.08 115595  1283.58
Elec. A. 404 2807  77.65 14502  277.84 36173  390.97
Proton A. 1.96 14.09 40.18 76.31 138.12 119.65 143.00
Total 63.89 131.23 206.00 290.84 463.04 588.15 690.20
CASE(1/2)
Atomiz. E. 0.58 9.69 44.82 107.63 251.30 360.02 485.67
Toniz. P. 9.68 73.11 224.67 468.82 1123.56 1782.59 2271.64
Elec. A. 404 2807  77.65 14502  277.84 36173  390.97
Proton A. 1.96 14.09 40.18 76.31 138.12 119.65 143.00
Total 4.40 33.71 106.33 224.68 531.21 825.99 1057.34

As expected, the RMS errors generally increase with increasing w. Extremely high w
values are nothing short of a disaster. Ionization potentials for CASE(0) are very poor.
There is a large improvement in ionization potentials using small w with the addition of a
constant term to the operator; however, they are still the most difficult property for CASE
to reproduce. As w becomes large the addition of a constant is less worthwhile. As can be

seen from Figure 10.1, when the operator is more rapidly decaying (that is, high w), the
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background is better approximated without any constant for moderate values of . Thus, for
large w, CASE(0) is better than CASE(1/2). Caution should be taken in reading too much
into the high w results of Table 10.2, as the errors are of the order of the magnitude of the
ionization potential. Notice that the other energy properties are unaffected by the change to

the CASE(1/2) operator.

Figure 10.1: Backgrounds and the constants to approximate them for w = 0.1 and w = 1.
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Table 10.3: HFS/6-31+G* RMS Errors (kJ/mol) for the properties of the large G2 set using

CASE(0)
Property w=00 w=010 w=015 w=020 w=030 w=040 w=0.50
CASE(0)
Atomiz. E. 10.70 33.44 52.10 67.96 124.58 279.05 368.61
Toniz. P. 71.75 146.32 229.08 317.40 480.09 581.83 622.15
Elec. A. 75.26 135.74 171.70 189.29 212.66 243.43 278.75
Proton A. 1.04 11.47 36.52 72.80 143.96 158.98 117.10
Total 40.78 82.25 121.69 160.51 241.59 348.47 413.10

The effect of CASE on HFS energetic properties is listed in table 10.3. The HFS results

follow a very similar pattern to HF with a gradual increase in error. Thus there is no great
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effect on the CASE approximation by the replacement of Fock exchange with the Dirac

density functional.

10.4 Effect of Basis Set

Table 10.4: HF, w = 0.1 a; ' RMS Errors (kJ/mol) for the properties of the large G2 set

using various basis sets.

Property ~ STO-3G  3-21G  6-31G  6-31+G(d)

CASE(0)
Atomiz. E. 14.44 12.70 12.48 9.69
Toniz. P. 309.13 307.43 306.73 305.62
Elec. A. 25.66  29.70  29.45 28.07
Proton A. 17.99 16.35 15.46 14.09
Total 133.00 132.21 131.89 131.23

CASE(1/2)
Toniz. P. 73.31 72.47 73.00 73.11
Total 34.75 34.31 34.42 33.70

The same properties of the previous section are examined, with w fixed at 0.1 ay L for a
variety of small basis sets. The results, listed in Table 10.4, show a remarkable constancy to
changes in basis. Due to this stability with basis, the small STO-3G basis set will be used

for the following sections.

10.5 Geometry Optimizations

Geometry optimizations are inherently computationally expensive, especially when many
variables are involved. To reduce the number of variables, only the bond lengths have been
optimized. This should also allow a more quantitative estimate of the effect of the CASE
approximation. However, to convince the reader that the equilibrium of bond angles are
affected in a very similar way to that of bond lengths, a simple investigation of the bond
angle in ethane (Figure 10.2) has been performed.

The results, listed in Table 10.5, show a progressive deterioration in the bond angle as

w is increased. This deterioration is more rapid for large w values. This is a pattern very
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Figure 10.2: Geometry of Ethane, marking angle to be optimized
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Table 10.5: HF /STO-3G Bond angle (°) of ethane
w=015 w=02 w=03 w=04

110.7727 111.5864 112.8320

HF w=005 w=0.1 w=20.5

110.8902 110.8909 110.8898 110.8643 110.7938

similar to that seen for the variety of bond lengths listed in Table 10.6.

The numerous bonds of aspartam have been averaged over each type. So that less infor-
mation is lost, the standard deviation at each value of w for the bond is presented in brackets
below the average error.

The effect of increasing w here shows some counter-intuitive results. For a simple system
like Ho, removing all Coulomb interactions increases the bond length (and decreases the
potential well, as can be seen from the vibrational frequency in the next section). Taking
a simplified view, there is an overall Coulomb attraction between two H atoms, so it is not

surprising that attenuation reduces the attraction between the atoms. However, for more
complex systems, Table 10.6 shows a more complex pattern, and with so many particles

interacting it is hard to predict a pattern. The results, though, do clearly show that for

several molecules the bond lengthening changes to a bond contraction at high w.

10.6 Vibrational Frequencies

Vibrational frequencies, which require second derivatives of the potential surface, are a

reflection of the quality of the optimized geometry of the molecule. The results described
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Table 10.6: HF/STO-3G Bond lengths (A) for a range of w values

CASE bond length - HF bond length

Bond Type HF w=005 w=01 w=015 w=02 w=03 w=04 w=0.5
Hy
H-H 0.7122  0.0000  0.0004 0.0012  0.0029 0.0072 0.0118  0.0139
BeH
H-Be 1.3014  0.0001  0.0013  0.0041  0.0083 0.0170 0.0211  0.0273
CHy
H-C 1.0830  0.0001  0.0006  0.0019  0.0038 0.0076  0.0080  0.0065
Hy0O
H-O 0.9873  0.0001  0.0006 0.0019  0.0041 0.0099 0.0144 0.0176
CH3SCH3
S-C 1.7989  0.0001  0.0009 -0.0001 -0.0089 -0.0579 -0.1178 -0.1392
H-C 1.0860  0.0001  0.0007 0.0021  0.0042 0.0114 0.0274  0.0606
CH3COCl
C-C 1.5370  0.0001  0.0003 -0.0018 -0.0105 -0.0386 -0.0450 0.0045
Cl-C 1.8295 0.0004 0.0022 0.0013 -0.0141 -0.0888 -0.1596 -0.1663
0-C 1.2007  0.0000  0.0004 0.0012  0.0023 0.0040 0.0019 -0.0165
H-C 1.0868  0.0001  0.0007  0.0017  0.0030 0.0069 0.0147  0.0280
Aspartam
C-C (11)  1.4668 0.0001  0.0002 -0.0019 -0.0063 -0.0161 -0.0140 -0.0001
(0.0790) (0.0002) (0.0015) (0.0041) (0.0066) (0.0070) (0.0136) (0.0442)
O-C (6) 1.3046  0.0001  0.0003  0.0010 0.0019 -0.0027 -0.0225 -0.0743
(0.0913) (0.0003) (0.0021) (0.0057) (0.0099) (0.0210) (0.0316) (0.0415)
N-C (3) 1.4623  0.0000 -0.0018 -0.0083 -0.0178 -0.0362 -0.0412 -0.0520
(0.0641) (0.0001) (0.0005) (0.0014) (0.0088) (0.0284) (0.0444) (0.0586)
H-C (14) 1.0884 0.0001  0.0007 0.0019 0.0041 0.0121  0.0297 0.0779
(0.0054) (0.0000) (0.0002) (0.0005) (0.0011) (0.0027) (0.0057) (0.0268)
H-N (4) 1.0423  0.0000 -0.0001 -0.0006 -0.0013 -0.0031 -0.0057 -0.0003
(0.0045) (0.0001) (0.0009) (0.0019) (0.0023) (0.0029) (0.0069) (0.0264)
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Table 10.6 (continued)
CASE bond length - HF bond length

Bond Type HF w=005 w=01 w=015 w=02 w=03 w=04 w=0.5

LiF
F-Li 1.4070  0.0001  0.0015  0.0040  0.0062 -0.0018 -0.0332 -0.0732
CH;CH3
C-C 1.5355  0.0001  0.0006  0.0008 -0.0020 -0.0263 -0.0670 -0.1011
H-C 1.0862  0.0001  0.0007  0.0020  0.0040 0.0087 0.0139  0.0226

PH;

H-P 1.3824  0.0000  0.0002  0.0001 -0.0018 -0.0141 -0.0308 -0.0322
AlFg

F-Al 1.5995  0.0001 0.0012  0.0033  0.0043 -0.0089 -0.0360 -0.0436
CeHg

C-Du 1.3868  0.0001  0.0008  0.0011 -0.0010 -0.0148 -0.0311 -0.0450
H-C 1.0826  0.0001  0.0006  0.0018  0.0040 0.0131 0.0313 0.0685

here support this. Table 10.7 presents the CASE errors in the vibrational frequencies for a
range of small molecules.

The results show the now familiar pattern with the gradual decline in accuracy on increas-
ing w, that becomes a more rapid decline as w gets larger as well. On the whole, frequencies
are one of the more resilient properties examined in this chapter. Considering that HF fre-
quencies are typically only within about 10%, the CASE deterioration (especially for small
w) is quite acceptable. However, frequencies generated with very large w values are extremely

unreliable, and hence results from w > 0.2 a; ! should be treated with great scepticism.

10.7 Conclusions

The effect of CASE on a variety of molecular properties has been examined in this chapter.
Not surprisingly, with all properties investigated, there is an increase in error with increasing
w. Wavefunctions are perhaps the best property for CASE to reproduce. With w = 0.15 a, .
a wavefunction which reproduces the energy to within a microhartree can be generated. This
is significant as it means CASE can be used for the first few cycles of the SCF, allowing

fast generation of the wavefunction, and then a final traditional (or KWIK-type) iteration
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Table 10.7: HF/STO-3G Vibrational Frequencies (cm!) for a range of w values

HF Frequency - CASE Frequency

HF Frequency w=10.05 w=01 w=015 w=02 w=03 w=04 w=05

Hy

5480.82 1.11 7.96 25.24 57.76  142.71  237.58  299.70
BeH

2556.23 0.61 8.10 24.85 51.23 12252  231.06  411.58
LiF

1303.79 0.63 6.46 16.55 24.47 -5.85 -101.02 -149.48
CHy

1675.56 0.25 1.77 5.08 10.21 19.84 10.92 -31.45

1903.60 0.21 1.52 4.48 8.93 18.04 15.98 -9.51

3525.58 0.74 6.11 19.34 38.83 8247 126.15  213.97

3786.12 0.78 6.49 20.54 41.21 88.66  149.53  297.61
H>O

2116.84 0.11 1.08 3.09 5.8 8.5 -5.79  -53.58

4134.35 1.29 8.16 25.47 53.04  126.27  198.13  322.25

4424.22 1.29 8.13 25.27 52.86  123.51 198.89  356.81
AlF;

263.57 0.27 1.75 4.38 6.68 1.55  -32.65  -60.53

293.44 0.59 3.38 7.69 11.57 8.56 -10.38 -3.46

774.13 0.24 2.14 5.44 5.92 -12.10 -32.07 27.14

1135.36 0.43 3.68 10.00 13.70 -1.96 430  154.22
NH;

1276.95 0.02 0.49 1.55 3.21 298  -24.38 -105.96

2055.35 0.21 1.59 4.75 9.59 19.98 17.68  -15.07

3846.81 1.17 8.21 25.19 51.82 116.83 180.16  289.41

4139.04 1.11 7.72 23.49 47.62  103.18 160.6  296.26
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Table 10.7 (continued)

HF Frequency - CASE Frequency

HF Frequency w=10.05 w=0.1

w=015 w=02 w=03 w=04

w=20.5

CeHg
477.91
699.87
811.00
840.90
1037.65
1153.78
1156.23
1171.93
1190.44
1214.51
1225.57
1371.19
1376.87
1595.04
1772.06
1931.65

3704.05
3722.47
3736.14
3746.99

0.12
0.15
0.32
0.29
0.47
-1.54
0.20
0.40
0.56
0.60
0.30
0.25
0.17
0.00
0.40
0.74
1.01
1.04
1.02
1.03

0.91
1.12
2.78
2.24
3.98
-0.80
-10.-06
2.39
4.52
4.73
1.83
1.65
1.10
0.28
2.29
4.40
7.79
7.93
7.66
7.60

3.28
3.85
8.58
6.94
12.49
3.40
-12.12
-4.84
13.67
14.03
2.80
3.53
1.80
1.76
3.05
6.44
25.30
25.50
24.11
23.54

7.20
10.39
14.72
13.69
23.27
12.46
-8.84

6.86
25.37
-11.8
-0.74

3.69
-4.34

3.54
-2.65
-3.67
60.19
60.23
56.31
54.01

7.80  -23.09
39.8 45.6
12.59 -5.71
21.32 -0.45
34.61 33.18
48.62 68.85
5.73 3.83
21.43 19.53
39.94 38.04
-32.72  -49.07
-21.66  -38.02
-3.09  -24.19
-137.21  -244.91
3.16 -6.38
-34.65  -63.57
-68.78  -115.26

209.21  515.35
208.50  515.22
193.96  482.78
184.66  457.72

-63.89
-4.93
-19.09
-30.87
-115.11
39.85
3.47
19.17
-66.97
-42.90
-31.84
-61.3
-220.47
-49.00
-65.99
-63.50
1098.67
1113.52
1049.95
982.1
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to produce an accurate energy.

To investigate chemical energetics, a more conservative w value is required. Ionization
potentials are the hardest property studied for CASE to reproduce. This is because, as
mentioned in Chapter 6, ionization potentials involve removing an electron from a charged
system, and thus there is an uncancelled interaction. For small w values the addition of a
constant to the operator is very worthwhile for properties involving an uncancelled interac-
tion, but the usefulness of this additional term decays with increasing w until, eventually, it
becomes disadvantageous.

The error introduced by CASE seems to be practically independent of the basis set used.
Bond lengths, at least initially, usually increase with increasing small w. The decline in
accuracy is slower than the energetic properties, and w values of 0.2 ay L or even a little

higher, can be used to generate reasonable geometries.



Chapter 11

Reintroducing the Background!

“The great tragedy of science — the slaying of a beautiful hypothesis by an ugly
fact.” - Thomas H. Huxley

11.1 Introduction

While CASE is a useful method in its own right, it may become more important as the
first term of an expansion allowing computation of the Coulomb energy in only O(N) work.
At the moment there is no completely satisfactory way of wholly including the background
(in O(N) work), but this is an area of active research [206]. This Chapter presents just a
taste of what may be available in the future. The method presented is not without serious
deficiencies, but it is included to convince the reader that CASE can be used as a starting

point for more exact (and equally fast) methods.

11.2 An Expression for Ep

Applying the KWIK separator to the electron-electron Coulomb term partitions the en-

ergy, as before, into short- and long-range pieces

1 1
E;y=— — 11.1
7= <p - p> (11.1)
1 ) erfc(wry2) ) +1 ) erf(wri2) ) (11.2)
2 192 2 192
= Eg+ Ej. (11.3)

'The work described in this chapter has been carried out in collaboration with Dr Aaron Lee
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The short-range is calculated as in Chapter 7. But, instead of neglecting the long-range
energy, it is estimated from the systems electronic multipole moments.

First, the long-range operator is expressed as its one-dimensional spherical Bessel trans-

form
f 2 [
erflwria) _ —/ e k9% 50 (k) dk, (11.4)
12 ™ Jo
where
. 22 ozt 4
_]0(:5)21—54-5—?4-... (11.5)

Interacting this operator with the density produces an expression for the long-range energy

2 oo
B = —/ e K1 G(k) dk, (11.6)
T Jo
where G(k), termed the “fingerprint” of the density, is defined as
1 .
G(k) = 5 (plio(kr12)] p) (11.7)
k2 E* kS
:WO_W2§+W4E_W6W+”" (11.8)
with Wy, defined as
1
War = 5 (p|r2] ). (11.9)

The advantage of all this rearrangement is that Gill [207] has shown that the Wy can
be calculated in only O(N) work from the multipole moments of the system. For example

(using the Einstein summation convention),

1
Wy = §M% (11.10)
W2 = MOM” — MzMz (1111)
W4 = MOMiijj - 4M1Mz]j + Miiij + 2MijMij (1112)

We = MoMjjjr — 6MiMjj., + 3Mii Mjer + 12M5; Mg,
— 6Mi; Mgy — AMj M (11.13)
where M are the Cartesian multipole moment tensors of the electron density, for example
M, = /p(r) dr (11.14)
M; = /rip(r) dr (11.15)

Mij = /rz-rjp(r) dr (11.16)
with r; representing the ith Cartesian component of r. These moments are trivially computed

in O(N) work.
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11.3 A Gaussian Basis for G(k)

Thus, in order to calculate the long-range energy in O(N) work all that needs to be done
is generate the electronic multipole moments, combine to form the Ws) and perform the
integration in equation (11.6). There is however, a problem: the Wy increase factorially,
making the series in equation (11.8) only asymptotically convergent.

Equation (11.8) shows that the Wj) provide the derivatives of G(k) at & = 0. These
can be used to generate an approximation to G(k) which allows the integration in equation
(11.6) to be carried out. Just what basis to use to represent G(k) is an open question. A
suitable basis must allow analytic integration of G(k) and provide an accurate representation

of G(k), using as few derivatives as possible. By using a sum of m Gaussians,
G(k) = G(k) = Y Aime mk* (11.17)

the approximate function’s Taylor expansion matches that of G((k) up to order k*"~2. Ob-
viously, the more Gaussians used, the more moments have to be calculated, thus increasing
the cost of the algorithm.

The coefficients and exponents of the Gaussians are found by equating the first 2m terms
of the Taylor expansions for G(k) and Gy, (k), leading to a set of linear equations which are
solved for polynomial expressions of the exponents. The exponents are then found by finding
the roots of a polynomial of order m.

Inserting this sum of Gaussians into equation (11.6) and performing the integration pro-

duces the rather simple expression for the long-range energy

Z W (11.18)

The higher the value of m in Gy, (k), the more accurately Gy, (k) represents G(k), providing

a more accurate estimate for Ep.

11.4 The Ugly Fact

Dr Aaron Lee has modified the Q-CHEM program to calculate the two-electron integrals
over the jo(kri2) operator, allowing the G (k) curves to be plotted from an arbitrary density.
This curve for a pentane density is plotted in Figure 11.1. Superimposed on this are the first
few G, (k) approximations to it. Each successive G, (k) follows the exact G(k) for longer,

before decaying to zero. G2, G4, G5 and G have all been omitted because they possess an
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Figure 11.1: HF/6-314+G* fingerprint of pentane and the first few G,,(k) approximations
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exponential with a positive exponent. These curves follow G(k) before rising to infinity. This
will, unless w is small enough, produce a nonsensical result (remembering that this curve is
integrated)! This is a major draw-back of using a sum of Gaussians as a basis function
to represent G(k). Several basis functions have been tried, and no satisfactory answer has
yet been found. A drawback is that the basis functions chosen have to be very efficient in

reproducing G(k), as numerical errors become a problem for large m values.

11.5 Gy (k) Chemistry

Table 11.1: CASE Coulomb energy error for pentane (HF/6-31+G*)
Ej — ET* (hartrees)

m w=01 w=02 w=03 w=04 w=05 w=10 w=20
0.1646  2.4500  7.5051 13.2132 18.3929 34.8348 48.4376
3 0.0000  0.0035 0.0846  0.4548 1.2316  7.6881 17.5541
7 0.0000  0.0000  0.0000  0.0000 0.0006 0.3954  3.9760
8 0.0000  0.0000  0.0000 -0.0001  0.0001 0.3634  3.8471

—_
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As the purpose of this chapter is only to convince the reader of the viability of an O(N)
correction for the background (and because no better basis has yet been found), Gaussians
will be used as a basis, and calculations producing positive exponents will simply be admitted.
Table 11.1 presents the energies obtained from each of the G, (k) approximations with varying
w. As w increases, the amount of long-range work increases, and so the G, (k) approximation
becomes more drastic. It should be noted, though, that a large proportion of the CASE

Coulomb energy error can be regained with only a few Gaussians.

Table 11.2: Chemical energetics RMS errors (kJ/mol) for G, (k) approximations
Property Gy Go Gs Gy Gs
32 Atomiz. E. 3002.5 410.3 80.5 64.2 14.0
30 Ioniz. E. 1900.8 380.5 71.6 18.1 3.5

19 Electron A. 3553.4 1306.5 329.3 88.6 11.0
7 Proton A. 624.3 3246 1064 13.2 28

Table 11.2 shows the (HF/6-314+G*) atomization energy, ionization potential, electron
affinity and proton affinity RMS errors using G (k) to G5(k) for a variety of small molecules
using w = 1/2. These are the properties of the G2 set for which there were no problematic
Gaussian exponents. Note that this is a large value of w, with small m values. Even with

only five Gaussians most of the chemistry is reproduced.

11.6 Conclusions

The algorithm presented in this chapter shows a way to generate a correction for the
neglected part of a CASE calculation in only O(N) work, by representing the long-range
energy in terms of electronic multipole moments of the system. The most straightforward
derivation generates a representation for the energy via a series that is only asymptotically
convergent. To overcome this, the series can be approximated by basis functions using
knowledge of the derivatives at the origin. Choosing just what type of basis function, however,
is still an unsolved problem. A basis function of Gaussians has been tried here and has shown
promising results. Most of the neglected energy can be recovered with only a few of these
basis functions (and hence only small order moments of the system). Gaussians have the
serious drawback of sometimes producing a nonsensical energy through the need for positive

exponents to accurately represent G (k).
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The most encouraging point from this chapter, though, is that even if the CASE ap-
proximation proves to be unworkable in the future, the code written and methods developed
in this thesis will still be useful as they will provide the short-range energy for an O(N)

Coulomb algorithm.



Chapter 12

Concluding Remarks

Novel methods for the application of Quantum Chemistry to large molecules has been
examined in this thesis. The first piece of research presented is a new way of examining
the quality of density functionals by partitioning the electron density. When applied to the
LSDA functional, one of the few ab initio functionals in use today, some major drawbacks
were highlighted. To make advances in DFT a more pragmatic approach is required, and
functionals of a more empirical nature should be used. This idea is taken to its logical
conclusion with the introduction of an entirely empirical density functional, EDF1. EDF1
has been specifically designed for a small basis set (6-314+G*) allowing application to large
molecules. EDF1 is more accurate than the currently most popular functional, B3LYP, for
this basis set. One of the interesting side effects of this research was that the addition of
Fock exchange was of no benefit. This is advantageous computationally as the Fock term is
very expensive.

The most time-consuming aspect of quantum chemical calculations is the generation of
the two-electron integrals. The time scaling of this has been tackled in Chapter 5. Specifically,
the scaling with the contraction of the Gaussian basis set has been removed from the O(N?)
part of the code, at the cost of a little extra (and mainly insignificant) O(N) work.

The CASE approximation has been introduced in Chapter 6. CASE assumes that neutral
distributions of charge a large distance away do not interact with a charge distribution. This
is achieved by attenuating the Coulomb operator in a smooth manner, forcing the operator
to decay to insignificance much faster. Thus the number of significant interactions grows as
only O(N), rather than the traditional O(N?). With the introduction of a boxing scheme
the required two-electron integrals can be computed in only O(N) work, providing massive

computational savings.
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CASE can produce reasonable results, if the attenuation is not too great. It may be
especially useful in determining wavefunctions, which can then be used with the full Coulomb
operator to give accurate properties. CASE can also be viewed as a first order approximation,
upon which higher orders can be made. The correction for the background, although not
yet fully developed, is currently a promising route to a very fast O(N) Coulomb method.

Research in this area is being continued by Dr Aaron Lee and Mr Nikhil Nair.
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